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ABSTRACT
FEATURES OF THE (p,a) REACTION
By

Paul Alexander Smith

Theoretical and experimental features of the (p,a) reaction are
presented.

A microscobic reaction theory of the 3-nucleon direct pick-up
reaction using shell model wavefunctions is developed. This theory
involves the calculation of microscopic form factors and spectroscopic
amplitudes. Two form factor models are given—the first using harmonic
oscillator single-particle wavefunctions » and the second using single-
particle wavefunctions of a Woods-Saxon potential. The motion of the
nuclear center of mass in a fixed center potential is considered and
the microscopic form factors are corrected for this motion. Three
nucleon spectroscopic amplitudes are related to two nucleon reduced
matrix elements and single nucleon reduced matrix elements which can
be calculated using exi§ting shell model codes. Calculations for pure
configurations are presented and the features of these calculations are

discussed.
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The Distorted Wave Bomn Approximation for the (p, @) reaction is
investigated. Angular momentum mismatch, finite range effects, and
j-dependence are discussed.

The 52Cr(p,oz)49V and the 44Ca(p,oz)zl‘lK areactions are pre-
sented as the experimental side. These reactions have been studied
with a beam energy of 35 MeV.

The SzCr(p,a)49V spectra show that the 7/2_ ground state, the
3/2+, 0.748 MeV proton hole state, and the 1 .646 MeV 1/2+ proton
hole state are strongly excited. Many seniority three transfers are
also observed. A comparison of the (p,a) results to (p,t) and (t,a) wor
is presented. This comparison shows that coherence in the (p.,a) reac-
tion is important, since some states found in the (p,t) or (t,a) results
are not observed in the (p,a) spectra. Candidates for high spin states
are found at 3.612 MeV, 3.745 MeV, and 4.797 MeV. T=5/2 proton
hole states (analog states) are observed in the region from 6 to
9.5 MeV. Cluster model DWBA calculations are shown to fit the data
successfully. The normalization of the cluster model calculation to the
T=5/2, 7/2 angular distribution relative to the corresponding T =3/2
state is about ten times larger than is expected from simple isospin
considerations. Microscopic model DWBA calculations are also given.
The microscopic calculz;tions are shown to fit the angular distributions
reasonably well. The relative normalizations of the DWBA curves to
the proton hole state angular distributions are seen to be in good agree;

ment with simple shell model predictions. The general trend of
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experimental cross sections for the negative parity states is shown to
follow the features of the microscopic model calculations assuming
pure (0f7/2)3 transfer.

The 44Ca (p,a)4lK spectra show that those states which contain
portions of the sd-shell proton holes are strongly populated. The 0dS/
proton hole is mostly concentrated in a new level at 3.520 MeV. The
7/2 state at 1.294 MeV is also excited. T=5/2 proton hole states
(analog states) are observed in the excitation region from 8 to 10 MeV.
These states have j” values of 7/2, 3/2+, and 1/2+. Clear £=2 j-
dependence is observed for this target. Cluster model DWBA calcula-
tions are shown to fit the data well. The normalization of the cluster
model curve to the 7/2 , T=5/2 angular distribution is ten times large
than would be expected from isospin arguments. Microscopic model
DWBA calculations are shown. These do not fit the angular distribu-
tions nearly as well as the cluster model calculations. The relative
normalizations of the sd-shell hole fragments is seen to disagree with
(d,3He) results. However, the sums of the fragments are in good
agreement with simple shell model considerations . Microscopic cal-
culations for the 7/2-, 1.294 MeV state are found to be in good agree-
ment with the (d,SHe) result. The possibility of (0f7/2 0d3/2)0d3/2

pick-up is considered and found to be unnecessary for this transition.
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CHAPTER I
INTRODUCTION

The field of physics may be divided into the study of bound state
problems, such as the solar system, crystals, or atomic structure, and
unbound problems, such as the scattering of light or neutron diffraction.
The same division appiies to nuclear studies. The bound state problem
is the study of nuclear structure. The problem to be solved in this
instance is the prediction of the energies of the nuclear states and
their properties, such as angular momentum and electromagnetic decay
rates. The scattering problem is the study of elastic scattering,
inelastic scattering, or transfer reactions. Here the problem is to pre-
dict the angular distributions and the sfrengths of the transitions.

The division of the field to which I have alluded is easily made
for macroscopic systems, such as the solar system, where the indi-
vidual components of the system can be examined. The division of
nuclear physics in this way cannot be total since we cannot observe
the bound system microscopically. Nearly all the information about
the details of nuclear stf;icture must come from the observation of free
radiation resulting from radioactive decay or artificially induced reac-

tions. Thus bound state models and scattering models must be
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connected in a way that allows the deduction of nuclear structure info
mation from the results of scattering experiments.

The shell model is commonly used for nuclear structure calcula-
tions. This model is based on the idea that a nucleon orbit may be
described as that of a particle moving in a central potential created by
the average interactions with the other nucleons in the nucleus. In
addition, the residual interactions between pairs of nucleons are
included in the Hamiltonian. This has the effect of removing degen-
eracies in the original orbits of the central potential. Nuclear states
can be described as distributions of the nucleons in these perturbed
orbits.

During the last twenty years many direct reaction studies have
concentrated on the deduction of nuclear structure information. As
might have been expected, these studies began with the single nucleor
transfer reactions and progressed sequentially to more complex reac-
tions. The purpose of this dissertation is to present work aimed towar:
testing shell model wavefunctions with the direct transfer of three
nucleons. Prerequisite goals are to develop a microscopic model for
calculations of three nucleon transfer reactions, and to detail the
qualitative features of the (p,a) reaction which is the specific three
nucleon transfer reaction to be considered in this work.

The simplest nuclear states are those which are described by a

single particle or hole outside a closed shell. Such states give the



3
energies of the single particle orbits in the shell model central poten-
tial. Consider 41Ca as an example. A "zero order" shell model would
describe 410a as a 40Ca inert core plus a neutron in the 0f7/2, 1p3/2.
0£5/2, or 1pl/2 orbit. Given this simple model, 410a should have a
7/2 ground state and 3/2 5/2 , and 1/2 excited states, all of
which look like a neutron bound to a 40Ca core. Therefore, if a neu-
tron is added to 40Ca in a nuclear reaction such as 4OCa (d,p)4ICa , the
spectrum is expected to contain strong transitions to the 7/2_, 3/2-,
5/2 , and 1/2  states of 41Ca on the basis of the zero order sheill
model assumption.

In general, the zero order shell model is not sufficient to explain
all the transitions observedkegerimentally. For the 40Ca(d,p)‘“Ca
example, the zero order shell model not only predicts that 7/2—, 5/2_,
3/2-, and 1/2_ transitions will be observed, but also that they will be
the only transitions. The zero order shell model may be improved if the

0Ca core is allowed to contain components with two neutrons in the
0f7/2 shell. In other words, some of the time 40Ca may have vacan-
cies in the 0d3/2 shell. Observation of 3/2+ states in the
40Ca(d,p)‘MCa reaction gives a measure of the amplitude of this com-

ponent of the 40Ca ground state. A complete description of a final

state observed in the (d:p) reaction is
I} I i
Y = iZj‘,Aﬁnp,_r ¥n,

where tp.;.T is the target wavefunction, up{qi is the neutron wavefunction
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(ni represents the\fésct that there is no festriction on the major shell,
although contributions from anything other than the lowest shell are
usually negligible for low-lying states), and Aij is the amplitude for
this component. The Aij's can be deduced from experimental cross
‘sections. In Appendix II and Chapter II the details of the reaction
theory called the DWBA (Distorted Wave Born Approximation) are dis-
cussed. For the moment, a short summary is all that is necessary to
see the role of the Aij's in the cross section prediction. The idea
behind the DWBA is that the operator which causes transitions is a
small part of the total Hamiltonian that describes the scattering prob-
lem. The transition operator is treated as a perturbation causing tran-
sitions between elastic scattering states (distorted waves) which are
the eigenstates of the rest of the Hamiltonian. The cross section is
proportional to the square of the transition matrix element. The transi-
tion matrix element can be "factored" (see Chapter II) so that the over-
lap of the target wavefunction and the final wavefunction is isolated.
In other words, the cross section is proportional to | (tpp | \lAr) | 2 which
is proportional to IAij IZ. A nice example of how the values of the Aij's
are determined is given by Barry Preedom in his notes on nuclear reac-
tions (I.1, page 72). The simplicity of single nucleon transfer lies in
the fact that only one térm in the final wavefunction contributes to a

given transition if the target wavefunction has IT =0. In other words,

only one of the Ai 's is deduced for each transition. However, the

J

signs of the amplitudes are not determined.
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Two-nue¢leon structures are the next in order of complexity.
There are not many simple two-nucleon structures observed experimen-
tally. As an example, let us use 40Ca as a core again and consider
the 40Ca(p,t)?’sca reaction., Final states with j7r= 0+ are relatively
simple because the only way two neutrons can have zero angular
momentum is if they both come from the same orbit. For our example,
the two neutrons picked up can come from the 0f7/2, 0d3/2, 1s1/2, or
0d5/2 orbits. Because of the residual interaction, a given 0+ final
state will look like 4OCa+A1(0f7/2)—2+A2(0d3/2)—2+A3(1s 1/2) %+
A4 (0d5/2)_2. Other transitions may have more components since the
neutrons can come from different orbits for final states that do not have
j =0+. This discussion can be written more precisely as

yt = AL 4T )
jkL

where thé LIJnj (Lpnk) indicate that a neutron is removed from the jth (kth)
orbit and ( )L indicates vector coupling of the neutron angular momenta
to the value L. If we consider the overlap of the target and the final
state wavefunction as was done before, it is seen that, in general,
many shell model configurations contribute coherently to the cross sec-
tion for a given transition in the (p.,t) reaction. Therefore, it is not
possible to extract the values of the Ajk's directly from the data.
Instead, we must work in the other direction by calculating the Ajk's

as overlaps of shell model wavefunctions and using the results in a

reaction model. Because many configurations contribute coherently to
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the cross section, the phases of the Ajk's are important. Whereas
single nucleon trvaflhsfer cannot measure these phases, multi-nucleon
transfer has the advantage of being sensitive to them. The ability to
predict the data tests both the shell model and the reaction model
simultaneously.

The progression from single nucleon transfer to two-nucleon
transfer results in an enormous increase in complexity, hence one
might ask, "Why study three-nucleon transfer?" The answer lies in
the hope that there might be simple features of reactions such as (p,a)
which are less complex than two-nucleon transfer, as well as other
specific reasons discussed below. Because of the problems previously
encountered in the analysis of two-nucleon transfer reactions, detailed
agreement between a microscopic (p,a) reaction model and the data is
not expécted. Hence, this thesis is primarily concerned with predic-
tion of the qualitative features of this reaction and their identification
in the data.

One of the simple properties of the (p,a) reaction is the popula-
tion of the same single proton hole states that are seen in single proton
pick-up. The target 52Cr can be used as a good example. Much of the
time the neutron pairs in the closed shell will have an internal angular
momentum of zero. If one of these pairs and a proton are removed, we
will see the single proton hole states that would be observed in the

50Cr(d, 3He)49V reaction. This was one of the first observations made

by the pioneers in this area (1.2, I.3, I.4, 1.5). Sherr (I.2) used the
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58Fe(p,a)55Mn reaction to demonstrate this feature. The 55Mn ground
state has j7r=5/2—. In a zero order shell model the neutrons would be
coupled to zero angular momentum since there are an even number of
them. Therefore, the 55Mn ground state must be primarily a seniority
three-proton state. The term "seniority" means the number of particles
that are not part-of nucleon pairs that have zero angular momentum.
The 55Mn ground state has a pair of protons that have nonzero angular
momentum and an odd 0f7/2 proton, making it a senijority three-state.
The 58Fe ground state looks like four 1p3/2 neutrons and three pairs of
zero coupled protons. Removal of a pair of neutrons and a proton will
lead to a 7/2_ state which is not the ground state. The data showed
that the ground state was weakly excited and that the 7/ 2 first excited
state was very strong. The inverse reaction 55Mn(<3z,p)58‘r"e, presented
at the same conference, showed excellent agreement in that the ground
state of 581='e was not observed (I.6).

Although the strongest states will be those that can be made via
seniority one transfers (a seniority zero neutron pair and a seniority
one proton), there will be seniority three pick-ups where the pair of
neutrons does not have zero angular momentum. Some of the time a
neutron from two different pairs will be picked up leading to a trans-
ferred pair with nonzero angular momentum. If a pair of neutrons is
removed with nonzero angular momentum along with a 0f7/2 proton,
final states with spins different from 7/2" can be populated. Since the

0£f7/2 neutron pair may have angular momentum as high as six, it is
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possible to populate states in 49V with spins up to 19/2. In recent
years high spin states have been studied intensively with (o,xnv) and
(HI,xnYy) reactions. The (p,a) reaction and other multi-particle trans-
fer reactions may be useful for differentiating between high spin states
due to simple shell model configurations and those which are collective
rotations of a deformed nucleus. Four recent experiments have
observed j7r= 13/2+ transfers which is the maximum (Od5/2)3 coupling.
13/2+ levels have been observed in 12C(a,p)lsN, 16O(oz,p)lgl?, and

.2 21,23
2 GMg(pK,gLJ
23

Na, while an 8+ state was observed in
Na(p,a)zoNe (I.7, 1.8, 1.9, 1.10).

In principle, the (p,a) reaction may also be used to locate states
with isospin greater than the ground state (Ts states) that are not
allowed in the (d, 3He) reaction because of isospin selection rules.
Thus single nucleon spectroscopic factors and Coulomb energies can
be deduced for levels that cannot be made by single nucleon pick-up.
This feature of the (p,a) reaction has not been confirmed in previously
published experiments.

The determination of both the total angular momentum and parity
of a nuclear state can be a difficult problem. In many cases more than
One experiment is necessary. Gamma-ray decay studies often deter-
mine the total angular mémentum but not the parity. When the state
of interest can be made by single nucleon transfer, the orbital angular

momentum but not the total angular momentum is usually determined.

The Parity in this case is given by (—1))@. One of the observations
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made during the first (p,a) reaction studies was the marked dependence
of the angular distributions on the value of j for £=1 transitions (I.11,
1.12, 1.4, 1.5). The angular distribution for the 1/2  transfer is
characterized by deep minima, while the 3/2 distribution is feature-
less. There is promise that the (p,a) reaction may be used to deter-
mine both j and n. Lee et al. (I.13) have shown that this effect is a
consequence of spin orbit coupling in the proton channel. The j=
dependence for £ =2 and higher is currently not well documented and,
in fact, different experiments have reached different conclusions (.13,
I.14, 1.15, 1.16). This point is pursued in Chapters IV and V of this
thesis.

The (p, @) reaction has the potential for reaching states that
cannot be reached by single proton pick-up in nuclei where proton
pick-up can be done. It also can be used to reach single proton hole
states in nuclei that cannot be reached by single proton pick-up
because the targets do not exist or are hard to obtain, thereby per-
mitting the measurement of single nucleon spectroscopic information in
these otherwise inaccessible cases. If simple models explain the
properties of the spectra observed in nuclei that can be studied with
proton pick-up, then these models may be extended to new nuclei to
further study the systeniétics of hole states, Coulomb energies, high

spin states, etc.
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Even though there are simple features that make three-nucleon
transfer attractive for spectroscopic studies, detailed study of the
reaction for all states is even more difficult than for two-nucleon trans-
fer. The additional complication may be illustrated if the final wave-
function for the (p,a) reaction is expanded as before

J i T ) j
4 = gt AisthTT [(qJnqunS) ”uppt]

Lyzj T
where \.IJ;T is the target wavefunction, Lpnr (LlJns) is the wavefunction for
a neutron hole in the rth (sth) orbit, 1312 is the angular momentum cou-
pling of the two neutrons, and xppt is the wavefunction for a proton
hole in the tth orbit. There is a sum over shell model configurations
as in two-nucleon transfer, but in addition there is a sum over all the
allowed values of the neutron pair angular momentum. A discussion of
the internal degrees of freedom associated with the (p,«) reaction and
some of the consequences within the 0f7/2 shell has been given by
Bayman (I.17).

A microscopic model for the (p,a) and (o, p) reactions is pre-
sented in Chapter II, including the details of the connection between
the shell model and the DWBA. The remaining chapters are devoted to
testing this theory and documenting the qualitative features of the
reaction. The experime;’tal considerations are described in ChapterIII,
with the fourth and fifth chapters being devoted to the 52Cr(p,cv)‘mv

and 44Ca(p,a)41K reactions. The general features are discussed and
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DWBA calculations using both phenomonological cluster form factors
and microscopic form factors based on simple pure configuration wave-
functions are compared to the data. Microscopic calculations using
sd-shell wavefunctions are currently in progress and will be presented
at a later date. These calculations are being done for the

26,24 23.21y4 data (1.9).

Mg (p.a)
Two appendices are included to help less experienced readers
to understand the body of the text. The first appendix is for the
general public which has supported this project. The second is a dis-

cussion of the basic reaction theory for the purpose of helping students

who may wish to learn about nuclear reactions.

P
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CHAPTER 1II

THEORETICAL CONSIDERATIONS

A. Introduction

The (p,e) and (a,p) reactions have been shown to proceed pri-
marily by direct three-nucleon transfer for incident energies greater
than about 17 MeV (II.1, II.2, II.3, II.4). These reactions have the
attractive features of reaching nuclei and nuclear states that cannot be
reached by simpler reactions. An important class of states that may

/‘pe populated via these reactions are high spin states that are
described by relatively simple shell model wavefunctions.

Much of the Distorted Wave Born Approximation (DWBA) analysis
that has been done in previous work has employed mass three-cluster
form factors (II.5, II.6, II.7). Calculations of this type can give good
fits to the shapes of many angular distributions. Unfortunately, this
simple model cannot produce different shapes for angular distributions
for final states which have the same j” value. Differences of this type
have been observed in the sd-shell (II.8). Furthermore, the "spectro-
Scopic factors" which a1;<; derived from this model are not easily related

to nuclear structure models.

14
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The first microscopic form factor model was due to Bayman and
Rost (II.9). Although this model was never published, it may be founc
in Nolen's thesis (II.2) and Ginaven's thesis (II.10). This model use.
harmonic oscillator single-particle wavefunctions and a technique
developed by Mang (II.11) to project out the “triton" internal and
center of mass coordinates. Nolen (II.2) used this model to study th
(p.a) reaction on Cu and Zn isotopes while Ginaven applied the model
to the (a,p) reaction on the Ca isotopes (II. 10, 11.12).

Nolen's analysis assumed that the two neutrons were coupled to
zero angular momentum. The j-transfer was then the total angular
momentum of the proton. This simplification was necessary because
complete wavefunctions were not available for these targets. Since
Nolen studied the same states that were strongly populated by the
(d,3He) reaction, the assumption of simple seniority wavefunctions
was probably reasonable.

The study of proton hole states by the (p,a) reaction has resultec
in models based on the seniority one assumption (I1.13, II.14). It is
assumed that the three nucleon wavefunction is the product of a
di-neutron wavefunction and a proton wavefunction. The models differ
in the way that the di-neutron wavefunction is calculated.

Ginaven's calculations (II. 10, II. 12) went a step beyond those o

Nolen's to include the coherence in the di-neutron angular momentum
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coupling. (0f7/2)3 MBZ (II.15) wavefunctions were used to describe
the Sc isotopes with the exception of 51Sc.

A semi-microscopic model which includes coherence over inter-
mediate couplings and configurations has been devised by Smits et al.
(I1.16, II.17) recently. Their method is a weak coupling model. Good
agreement has been obtained with Sn(p,a) data. This model has the
drawback of using mass three-cluster form factors. Thus, shape dif-
ferences in the angular distributions of states with the same j7r value
cannot be reproduced. Such effects are apparently weak in heavier
nuclei, but may be important in lighter nuclei. In addition, the model
is limited to those cases where the weak coupling assumption is appro-
priate.

Falk et al. (II.18, II.19) have developed a microscopic model
which uses the principle of expanding single particle wavefunctions
that are generated in a Woods-Saxon potential in terms of harmonic
oscillator wavefunctions. The resulting oscillator wavefunctions are
coupled together with a generalized Talmi transformation (II. 20) to
make a "triton" wavefunction. The results for the lzc (a,p)lsN reac-
tion are quite good when the coherent sums over all allowed couplings
are performed.

In this work we pfésent a theory for the (p,a) and (o, p) reac-
tions which is derived from a generalization of the Bayman and Kallio

method of calculating two nucleon form factors (II.21). In the first
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section the problem is formulated in terms of the single nucleon trans-
fer theory as presented by Tamura (II.22). In the second section the
spin part is separated from the spatial part of the wavefunction and the
spin coupling factors that enter multi-nucleon transfer calculations are
determined. In the third section harmonic oscillator single particle
wavefunctions are used to rederive the theory of Bayman and Rost in a
slightly different way. The fourth section shows how single particle
wavefunctions geherated in a Woods-Saxon well may be used. Sec-
tion five is devoted to correcting for the center of mass motion in a
fixed center harmonic oscillator potential. A method of deriving cluster
model spectroscopic factors from microscopic considerations is given
for the harmonic oscillator model in the sixth section. In section
seven we show how to calculate spectroscopic amplitudes as sums of
products of two nucleon spectroscopic amplitudes and single particle
spectroscopic amplitudes. Sarhple calculations using form factors cal-
culated with the models presented in sections three, four and five are
presented in section eight. The last section is devoted to studying the
features of DWBA calculations for the (p,a) reaction. Finite range cal-
culations and zero range calculations are compared, angular momentum
matching effects are investigated, and the j-dependence in the DWBA

calculations is discussed;
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B. Distorted Waves Formalism

Since certain factors appear in the DWBA formalism for all trans-
fer reactions, it will be useful to look at structureless cluster transfer
to display the elements of the analysis that are present for all reac-
tions. Then it will be possible to concentrate on those features which
are unique to three-nucleon transfer. To develop the cluster transfer
formalism, we borrow the elegant treatment of Tamura (II.22).

The transition matrix element from a particular initial state to a

particular final state is

TMmeMAm & Z gdr xmm (k L)

(IBMBsbmbIVII Mys m!)x a,ga) II.1

if spin-orbit coupling is present in both the entrance and exit channels
Table II. 1 contains a list of the notation used in this work.

The éoordinates for a pick-up reaction are shown in Figﬁre II.1.
The internal matrix in Equation II.1 is an integral over the coordinates
§B, €.X, and §a which can be factored if the interaction is assumed to
act between the center of masses of a and x.

1 ' =
¢ IgMs, my IVIIAMAsama) §<LBMB l IAMA)
1 []
(sbmbIV(rZ) lsama)déx. 11.2

The first matrix element under the integral in Equation II.2 is an inte-

gral over &B and the second is an integral over §a . so that both are
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Figure 1I.1

Coordinates for cluster pick-up.
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Figure II.1
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TABLE II.1

A LIST OF SYMBOLS

Symbol Explanation

a,b,x,A, B Projectile, ejectile, transferred
cluster, target, final nucleus

Jacobian for transforming to
relative coordinates

r , r Relative coordinates for the aA and
Bb systems (See Figure II. 1)

k Incoming and outgoing wave
vectors

X, (k) Optical wavefunction including
spin-orbit coupling

IB’ IA Spins of the residual and target
' nuclei

A Magnetic substates for IB and IA

b sa Spins of the ejectile and projectile
mb, ma Magnetic substates for Sb’ sa
£'s Internal coordinates for the target
nucleons relative to an origin
located at the center of the core
(See Figure II.2)

Expansion coefficient for the decom-
position of the target wavefunction
in terms of a core and a cluster
with quantum numbers (n1 ,.S:l ' Sx’
a.j)

@

n1£lsxax3

) Wavefunctions—superscripts
denote angular momentum—sub-
scripts are for magnetic substates
or principle quantum number
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TABLE II.1—Continued

Symbol

Explanation

1oy |

j
m_
J

(Gymyjym,ljam,)

=
n

Ll l£2

a,B
c®

nL,s!a!s

s;,a

d]ﬂs

X

XX

Angular momentum vector coupling

Iy S i
[«p Hrye x(éx)}mj =
= ) (8mys 13 m)
mlmx
L Sx

. wmll(gl)w (€.)

m, "X

Vector coupling (Clebsch-
Gordon) coefficients

Orbital angular momentum transfer,
spin transfer, total angular
momentum transfer j =4 + s

Principle quantum number (oscil-
lator convention)

Separation of the cluster from the
residual nucleus and projectile
(See Figure II.1)

Oscillator size parameters for
target and a-particle

Expansion coefficient for decompo-
sition of the ejectile in terms of
the projectile plus cluster

Spin and other quantum numbers of
the cluster when part of the ejec-
tile (not necessarily the same as
Sx’ax)

~ indicates time reversal conjuga-

tion P’y -
o 2 = (-1 eyt
mz "mz
and (j.m_j.m_lj.m.) = (-1))3"™s
1"1°272'°37'3

Uymyjom,lig-m,)

Spectroscopic amplitude for a
jés—transfer
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TABLE II.1—Continued

— e S
Symbol Explanation
Ly £2n2(r L) Finite range form factor
ﬂmz ~] ‘~2
W(E. £, js;ls_) Racah coefficient related to 6-j
12 x symbol by
C L (o L +8,+j+s
{£’1 JLZ J4 }
j s s,
{n, 2. j.} Set of quantum numbers which
bl describe the single particle
orbits
[,12, s12 ' le Dl—ne.utron angular momentum
couplings
rﬂ b, 1 ] Transformation coefficients for
1 2 12

(A)
{ng0; )8,
o ]

changing j-s to £-s coupling—
related to -j symbols by

£y Ly £y,
S Sz 85| =
J1 J2 iz

= «l(zzlz+1)(2su+1)(2j1+1)(2j2+1)

£y £, Ly,
Sy Sz sp
i Jz i

Expansion coefficient for decom-
posing the target wavefunction into
a core and three nucleons with

quantum numbers {niziji}zlzaxj

Spin functions
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TABLE II.1—Continued

Symbol

Explanation

(n,8,n;£L,:4,, |(n"vz)£1zv7.03ﬁlz)u

((n'=v2) £12n383: 81 v 8,v,0:8 )y

£12

Mw————-._——_i

Transformation coefficient for
changing from nuclear coordinates
to internal and center of mass
coordinates (See Figure II.2)

v's and \'s are the principle quan-
tum numbers and angular momenta
in the transformed coordinates

Transformation coefficient to rela-
tive and center of mass coordi-
nates for the di-neutron

Transformation coefficient from the
di-neutron C.M, and proton to tri-
ton C.M, and internal coordinates.

Transformation coefficient for
transforming two nucleon coordi-
nates to relative and C.M. coordi-
nates in a Woods-Saxon well

Internal coordinates in a fixed
center potential

Isospin quantum numbers

z projection of T's (N=+3 for a
proton)

Antisymmeterizer

Reduqed matrix element—reduced
in spin only

Reduced matrix element—reduced
in spin and isospin
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functions of §X. The core may be integrated away if the target is
expanded in terms of a core plus the transferred nucleon cluster. Th;

procedure yields:

_ @) . J
(IBMBIIAMA) —n1§1j0n1£15xaxj<lBMBijlA >[ (r. )cp (§X)} 11

SN
where @ represents other quantum numbers that may be used to
describe the cluster. It is in Equation II. 3 that the structureless clu:
ter assumption has been realized by separating the center of mass
coordinate from the internal "triton" coordinates. We will return to
this point later.

The ejectile can also be expanded as a projectile core plus the

transferred group.

~

| = (b) ' £2 SX
<S m lV(r )IS m ) nzgs nz£2SXa S(Sbmbsm lsama) [q;nz(r"z)‘pax(gx):]
Sxx II.
where
L g,
Telg) = ViEp)o, *(ep) II.

and ~ denotes time reversal conjugation (see Table II.1). @iz{gz)
contains the separation of the projectile from the cluster center of mas
If this function is not taken to be a delta function (zero range approxi-
mation), then the six-dimensional finite range integral must be per-
formed (Equation II. 1) .'

If the results of Equations II. 3 and II.4 are used in Equation I1. 2

and, at the same time, we change to 1-g coupling, the transition

matrix element for pick-up is seen to be
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(IBM symy V() ) ILM sm')—z

il s £,n8,n
BSpML { dJ f112 2(111.52)}
ils .S:lnlo(:zn

&n,8,0; fm ,

Igts +j+2s+mgs-mi,-M
-1 B"”a s~ A(2s+1)(21B+1)(IAM I —MBljmj)

A'B
(s m' sb—mélsms)(jmjsmslz—mﬁ). 1.6
The quantities d}fsl&nz and fj:nn;‘cznz(x;l ,52) are defined to be
dj['f:lfenz Z n1£1s CI(IIZEC?_SxozXS(—1)SJ”C?'—SXW(531"(:.7.3"5’7g Sx) 1.7
and _
fj;:fZ“Z( L F) = [cpﬁ: (glmiz(;z)] ’ II.8

Because expression II.6 is exact, these are complicated looking

equations. The meaning of g fs and foimlane

r.,r,) becomes
Lin L0, £m | ~2)

clearer if we look briefly at their zero range cousins for, say, the (p,d)
reaction. Under these conditions

n,=0; £, =0 £, = 4; (b) = 1;
. 1 nz£zsxaxs

W(J:lé’:zjs; st) =1

and d‘]cz c.n is seen to reduce to a single spectroscopic amplitude.
1Nydzn,
£4.n
le 1£2nz(1:_1 ,~rz) reduces to the usual form factor
my

Lm, _ 0 ~ 2
fym, 17Eg) = 00 @IV &) = DS oy ).

Since our particular interest is the (p,) reaction, we will now
write Equations II.6, II.7, and II.8 again in the specific form that

applies to "triton" transfer.
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For (p,a) we must have

W(£1£ZJS; llsx) =
These conditions imply

]/eg ﬂnl
(IgMps, my VI My s m!) = {Zd £, (l,rz)}

Ig+(3/2)+j+mg-Mp

, 1 _
- (-1) 2(21 +1)(I MAIB Blij)(jmjgmaIZ mﬂ)
II.6a
JEs _
% =2 chlzza J II.7a
fﬂn’ @ .r.) = cpz e ) II. 8a
l'~2 l o=2"" ’

The quantity on which we need to concentrate in the future is the
quantity in brackets { } in Equation II.6. We will not specify whether
the zero range approximation is being made or not. Instead, the func-

tion @c)oggz) will be carried along through all steps.

C. Decomposition of the Orbital and Spin Parts

In the last section we saw that all the reaction information is

contained in the quantities djzS and f £(£1 ,52). The function

Im
f Emﬂ (51 . 52) contains only the spatial parts of the wavefunctions. In
order to isolate fﬂmg Ql ,52) for the (p,a) reaction we must, therefore,

Separate the spin and orbital angular momenta of the wavefunctions that

are involved. If k nucleons are involved, there will be (k-1) 9-j
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symbols which come from the transformation from j=i coupling to 1-s

coupling.

We show this for the (p,a) reaction by making the expansion of

the target wavefunction (Equation II.3) again

_ @) {Gy7125,) .
(Mg LM, ) = {n%j,}C{niﬂiii}(p(ﬁxézgs) (IBMBijIIAMA). II.3a
jllza'lx; haayi  (Mididy)

The difference between Equations II.3 and II. 3a is that some of the
quantum numbers that were previously part of a, have been written
explicitly and (gx’;vl) have been replaced by (£ 1 ,éz ,§3) .

The change to 1-s coupling is accomplished by

{ z)jlz }] 7)/12 £y 2 £y £, £y2
(G1J 31 _ 11 L
(p(§l§2§3) Ezzs’:z iozoz 2 2 Si12
{ni[’iji}afx lzl Jiz 3 3 | PR PR N
£ j
(a2 (g pSigy® 9
(p(glgzgs) X II.

Choose particles 1 and 2 to be the two neutrons. Since they
must go into the Os orbit in the a-particle, the Pauli principle requires

slz=0 and j12=17,12. Using theée conditions and Equation II.9 in the
expression for ( IBMBI IAM A) gives



o Ly ks L|[2y £, 4y,
_ ) Lol
<IBMBIIAMA> = {n.;j.}c{ni‘eiji} 0 2 2 z 2 O
o@z; 1}; lzaxj 12 Js j jl iz EIZ
12% 3 -
Liz, 14 11,%) 1’
(1M 1M {6,122 "2} {55 3} !
g Bjmj A A) (p(§1§z§3) X . II.10
{nifii;} ]

Comparing Equations II.10 and II.3, we see that they have the

same form except for the recoupling terms. Therefore, the term in

brackets in Equation II.6a can be written as

. (r,,r.). .11
{n"eiji} {nigi]i} ,@mﬂ ~l '~2

- Lo by £\[4y ke
4 ? -y W o & s L .12
{niﬂiji} a {niziji} 2 2 2 2. * .
L1, ba j [Pz 33 T i 2 Ay
. . {ni.ﬂiji}
In order to write an expression for fﬁmz (Ll ,52) , it is neces-

sary to choose a wavefunction for the a-particle. We make the fol-

lowing Gaussian choice

¢ = ne—B/ 2(pis+p35+ars)

where p,, and P123 are related to ry, and I,,;, which are the "triton"
internal coordinates that are shown in Figure II.2. This choice allows

some of the overlap integrals to be done analytically in the oscillator

model.
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Figure II.2

Nucleon coordinates in the target nucleus.
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B

Figure 11.2
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Using this choice gives

Lia. 4
{ni£ii;} 2. o {(£1£2)" "85} ~B/2(p%,+p2,.)
= 12 123
fimg el T ) e, ®12%123°
{n£;} II.13

X is not explicitly shown on the right hand side of EquationII.13

because (§1,§2,§ ) must still be transformed to (plz,p ). This

R123'<

is the subject of the next three sections.

D. The (p,a) Form Factor: Harmonic
Oscillator Model

In order to reduce the right hand side of Equation II.13 to a func-
tion of (r l,rz) . the nuclear coordinates (§l,§ ,€3) must be transformed

to center of mass and internal coordinates (p . r ) (see

121231

Figure II.2).

{(£48,) T12g, 0
The function cp(g £,.£) may be written in the anti-symmetric
149521« X

form
y/ y/ = batz bas balz biz 4sjs
(0P {[‘Pnl € o, €)-0, € )e, @1)] o, )}

P68, =
{nlﬁ ljl}ax

“J2(1+'5n1n2531525jg2>
I1.14
where the convention that particles 1 and 2 are the neutrons is used.
In this section the single particle wavefunctions are taken to be
harmonic oscillator wavefunctions.

We need to determine the expansion coefficients defined by

Equation II. 15
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£1i1 £2iz 13 L2z £iz L33 £
{[om €0, €90, €0, €] 0,6 )
N2(1+ 6n1n2621£ zGJ' 1) z)

1 1 1 1 (0] r.)oe 0 ,
v N2 |np £, v &1 vov;  R12°R123

T = II.1

2(1+ Onlnzazlz Zéjlj z)

I

gl
>
o

Mvikzve-
N n, £
s Vs V3 3 3 3
where
3 3
2,(2n +2) = ) (2v, +\) = N II. 1
=1 ' = b

is required to conserve oscillator quanta.

The transferred "triton" should have zero internal angular momen-
tum if it is to fit into the a-particle. This condition implies that only
the terms with )\1 =0, xz =0, and A =0 should be saved. Terms with
nonzero v, and v3 need not be zero, however. If the size parameter
of the a~particle (B) is different from the size parameter of the target
wavefunctions (o), there will be nonzero overlaps for the vy v3;£O

terms. Equation II.15 may be written again including these conditions.

£13y £2jz £k, L2352 bz g4, £
P lon €0, € -0, e 0, ORI €}

Vi J n, ﬁl
v, O n, Bz )/ (00)0
= L 0 £12 0,50, ©15:8129
-~ V3 0 n3 4@3
II.15a

Where P is a projection operator that picks out the portion of the wave-

. - 2 + 2
function that has nonzero overlap with e B/2(p1; pm).
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It is our goal to relate these expansion coefficients to Talmi-
Moshinsky coefficients. Proceed by examining the two-nucleon part of

the wavefunction

£
[ (é)cp 2 - o (§)<p2(§>]12=22

)\RVR
N12V2
R 12 L2
v RMrV12M12%4 g0 80 l,tly )11[<PVR(13)©v2 (le):\N' I1.17
where
(L=£+-2+5)
= (N —n) + —_32—12
11.18
YR = N TV,
The (n 4. n 4,8, lvon,v +4._).. are the normal Talmi-

1717272712 RR1212 12711

Moshinsky transformation coefficients for equal mass particles. The
Subscripts 11 denote that the masses involved are both single nucleon
masses.

The vector R runs from the center of the core (B) to the center of
mass of the di-neutron. The condition that there be no internal angular
Mmomentum implies that x12=0 and )\R=£12'

This result may be inserted into the left hand side of

Equation II. 15a to get
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v 8w, 00 Tn 80t ) [or (e (oo e e ]
2 ), ((N'=v)) 8y v) 0L, Iny 17272712119 (N 1=y, R0, (01 ®n, ‘°3
V2

V1 E nl El

O
_ - V2 0 n, 17/2 £ (00)
= X 0 £12 0Ty, ©1500155): .19

ViVvav
1V2V3 V3 0 n3 23

The function in brackets on the left hand side of Equation II.19

can be expanded in a similar way

© 2% £33 £

2002 ey B, €] = 2
Mvy
X3V3

o N A, L
<v1x1v3x3:£ | (N -vz)lzlzn3£3:f& )21 “’vz(fllz)["’vl(51)“’1;3(‘3'123)] .

I1. 20

The subscripts 21 denote that the mass on the left hand side of the
bracket is two nucleon masses while the right hand side is for a single
nucleon. Again the requirement of zero internal angular momentum can

be applied so that x3=0 and )\1=£.

Using Equation II.20 in Equation II. 19 yvields the relation

Vi ,@ nl ,@1
V2 0 n, ,gz

0 b )= 2N vy 0dypin bingloit o))

V3 0 n3 42 3

-<vlzv30:zl(N'—v2)z J ‘“21' II.21

127373

-

The (| )21 coefficient is the Talmi-Moshinsky transformation for a

mass two particle and a mass one particle (II.20).
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We may use Equation II.21 in Equation II. 15a and then insert the

result in Equation II, 13 to yield

{n;2;j;} 2n

f LX) = .

Iy £, .1, N2(1+65,1,64,4,0,j, v,
‘((N'—vz)ﬂIZVZO:EIZInlﬂlnzﬂzzﬂlz)ll

J/ o)
¢ (vlﬂ v30:ﬂ ] (N ‘Vz)212n3'g3:’e>21 ('pvl(zl)QOQ:z)

© © =B/ 2(p3:+p123)
(S“’VZ(Blz)“’v3(le3)e dglzdglz3>. II. 22

The integral in parentheses in Equation II.?22 can be factored into

two integrals of the form
o _ 2
I = S‘cpv(p)e B2 e® 24, II.23

This integral can be done analytically if we use the oscillator function

Nr vl (2x+1)11

2-v 3/2 v oK _ 2
0%l) = j 227V (2v+1) 110 Z{ (-2a) G)pzx}e /20 L .
k=0

The result is

_ AlEenit o3 gV
I = ¢ o1 27 (B+a)3/2 B+01> . I1.25

Equation II.22 may now be written

f{niziji}

2n
(r,.r,) = L
,emz 1°~2 N'2(1+ 5n,n25£1Z26J'11'z) ViVavs

. ((N'—vz)ﬂ v O:Elzln £.n_f_ L. .)

1272 1717272°7127 11

. . y/ o
(v1£v30.£| (N vz)212n3£3.ﬂ)21 Av2v3 ‘Pvlg )oo(ﬁz)

II. 22a
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where

@A) IT @ IT 32 5\ vatvs
- sz (B+a)3<B+a> . II. 26

vzVs vyl vs! 2v2+v3

The last result is very similar to one obtained by Bayman and
Rost (I1.9). It is purely a result of allowing the oscillator size
parameters for the «-particle and the target to be different. If a=4,
v, and va must be zero and the problem is easily simplified.

A recipe for the harmonic oscillator model calculation is as fol-
lows. For allowed combinations of (v1 Vo ,v3) ., calculate the Av2v3
and the two Talmi-Moshinsky coefficients. The form factor can be
calculated via equation II. 22a. The spectroscopic amplitudes are
given by Equation II.12. The transition matrix element is then found
by substituting these values into expression II.11.

E. The (p,a) Form Factor:
Woods-Saxon Model

Once again we wish to reduce the right hand side of Equation
I1.13 so that it is explicitly a function of b and L, only. Again, the
triton wavefunction is taken to be as give.n in Equation II.14. We will
work in the same general pattern as the last section.

As before, begin by expanding the two-nucleon part of Equa-
tion II. 14, but this time follow the Bayman and Kallio (II.21) two-

nucleon expansion
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Lyiy L3, £y L2i, 2P
[‘Pnl (él)cpn2 («‘32)-<pnl (éz)wnz (&1)] ) Z MzA(p”'R)
) B R
\/2(1+5n1n26211&25j1]z) Nz P1z
- 1412
- [Y"“(pu)YA(R)] . II. 27

Since the internal angular momentum is required to be zero, only terms

with x12=0 and A=/ need to be saved.

This result may be used in Equation II. 13 to yield

{nj£yj;} o -B/2 0}
= P123
fompy  E1eEp) = mo () L wlzmlzzams'mz)yd&”e
myoms
L
f “12 (p,5,R)
£33 S‘ -B/2 piz 0y, 0, L1z
o (§3)< dpyze o R VoY (R)>

II.28
The inner integral in Equation II.28 is the normal two-nucleon

form factor that Bayman and Kallio calculate. Call this integral

F(Z) (R)Yﬁllz(ﬁ) where R is the coordinate of the center of mass of the
12

di-neutron as defined in the last section. Using this notation in Equa-

tion II. 28 and recoupling the angular momenta yields

{n £} £
Ll,rz) ne LZ)S’dpl23 B/me[ (2)(R)Y (R)<P NG )] II. 29

The quantity in brackets can be expanded as

g
f (ry /P123)
. £ - - 1L
[F(z)(R)Yz’z(R)cp%(& 3)] - Y Dt [Y)\lzz' ®, 2)YT (rl):\ . II.30

Pi2s
X123
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As before, take only terms with ) =0, and hence 7=/, so that

123

(ry, 0123)

Y
(55 =MoLt )S‘d2123 B/me_i____[Y (o 123)Y£(r1)]

rPi23

{nZJ}
fm mpy
II.31

The integral in Equation II. 31 has the same form as the two-
nucleon form factor. However, one of the particles is a di-neutron. It
is possible to redefine the coordinates in the Bayman and Kallio paper
to handle the unequal mass problem. Roger Markham has written a
code to perform this calculation for three-nucleon or four-nucleon
transfer (II.23).

If single particle wavefunctions generated in a Woods-Saxon
potential are used, the prescription is to first calculate the two-
nucleon wavefunction F(z) (R)YZIZ(R) then use this to calculate the
three-nucleon form factor, which is given by Equation II.31. The tran-
sition matrix element can then be found by using the spectroscopic

amplitudes given by Equation II.12.

F. Correction for the Center of Mass Motion

The steps leading to Equation II.22a involved integrating over
the coordinates of (IBMB| in Equation II.3a. We implicitly assumed
that all the coordinates were internal, which they are in the coordinate
System whose origin is the center of the core (see Figure II.2). How-

ever, this is really incorrect since the core (B) is moving about the

Center of mass of nucleus (A) which is fixed in our reference frame.
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Hence the coordinate system shown in Figure II.3 is the correct one.

In this system the appropriate coordinates for (IBMBI are &B and BB

and we are interested in determining the effect of motion about BB on

the form factor. We begin by expanding IIAMA) again

LM, = ), C ®)
{nj233;}  {ngfy5;)
j1z0 ] J120y]

: o O i un
[P ([0 )0 ey -0 (20 s, Fety )

NZ(T+ 61'111’126J@1)(4261511'7.)

II. 32

At this point we can change to LS coupling and apply the two Moshinsky

transformations outlined in Equations II.15 through II.21 to get

‘ 2
ILM,) = ), Y oW
AA {n;£;3;} vivov, '{niﬂi?i} \,2(1+6n1n25z1£261'1]'z)
zlzaxj leaxl

Ly L2 By|[8:: £

=

1 1 1 Py 1. . .
z 3 O 0 3 3| ((N Vz)£1z"z°°zlz'“131"2’32-1”12)11
PR PR 273 B P2V

e

“ . o] } o]
(v £v 0L I(N'-v )£, n 0,280, va(le)<Pv3(glzs)

: 1h0n3\ ]
{pr (.ft)x((z 2) 2) > lpB(gB’RB)} . II. 33

We assume that there is no spurious center of mass motion which
means that the center of mass motion does not have any oscillator

quanta associated with it. In other words,
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Figure II.3

Nucleon coordinates in a fixed potential.
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~E c

Figure 11.3
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4JIB(§ ) = IB(& ) °(R.) 1. 3:
B'BB =9 B'?o Rp! - ’

We may now perform another generalized Moshinsky transforma-
tion on the term in brackets in Equation II.33 . Where the masses

involved are B and 3.

£ o o )/
?, 50, Ry (oovlz.zloovlz.z)33 cpo(RA)cpvl(g)

A v1+ﬂ/2 z

O
- (A_s 0 RO, ®). II. 35

If Equation II. 35 is used to replace the term in { } in Equation II. 33
and the result is compared with II.22a, it is evident that the effect of

the center of mass motion is to make the replacement

vi+4/2
o) ) —> (A‘TQ 0! ).

Vi

Similar analysis for cluster transfer has been presented by Ichimura

et al. (I1.24). Our result reduces to the cluster result if we require
equal size parameters, which is the equivalent of the cluster transfer
form factor. It is intriguing to note that the correction is different for
Os, 1s, 2s, . . . internal motions for realistic size parameters,
thereby changing the shape as well as the magnitude of the form factor.

G. The Microscopic Basis for Cluster Model
Spectroscopic Factors

In the harmonic oscillator model the importance of 1s, 2s, 3s,
- « . terms in the "triton" wavefunction is a function of the difference |

of oscillator parameters (o-8). In principle, this difference is fixed by
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the o-particle radius and the nuclear radius. However, it is instruc-
tive to consider the case where a=j.

If (@-P) is zero, there is no contribution from the ls, 2s, 3s ...
terms. In this instance, VyT Vg =0 and the triton is structureless.
Therefore, (o-f) =0 implies mass three cluster transfer. Furthermore,
the center of mass correction reduces to the cluster center of mass cor
rection given in Reference II.24.

It was pointed out in the introduction that "spectroscopic fac-
tors" deduced from a cluster model calculation are not easily related i«
nuclear shell structure. In the sense that a harmonic oscillator cluste
model is given by (a-B) =0, we can derive a spectroscopic amplitude b
investigating the expression II.11 and Equation II.22a.

For single nucleon transfer, or cluster transfer, II.11 becomes

ils _ 48340 2
d fzmﬂgl,zz) = "0 “(r)er(r)). II. 3¢

ip L
The spectroscopic amplitude, dJEz, is called the "spectroscopic fac-
il

tor" and is usually denoted by s’”.

If, on the other hand, we require al=B in Equation II.22a and use

the result in expression II.11 ., we obtain

Lo £s (|4 £y £y,
{{ Z CgAl'zfzj }ﬂlza j 0 2 % % % 0 N2 (1+8 252 2,95 j)
B, 17171 X- mn j
Elzctjl} i"1 T | S A 127014273132
12 X

g . LIN 0, Lo yol
(ooON ﬂlz.zlz|nlﬂlnzﬂz.ﬂlz)ll(OONl.ZlN £12n3£3.£)21 <I>o(£2)<PN(£1)

IT. 37
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where

2N' +£12 = 2(nl+n2)+[,l+£2.
Comparing the right hand side of Equation II. 36 to II.37 shows that the
spectroscopic factor is given by

Sj'e = i }, where { }
represents the term in brackets in II.37. A number of (p,a) and (e, p)
studies have deduced cluster model "spectroscopic factors" (see I1.5
and II.25 for example). None of these experimental spectroscopic fac-
tors have been compared with theoretical Sj'e values calculated in the

manner presented here.

H. The Use of Shell Model Wavefunctions
The nuclear structure information is contained in the expansion

&)

coefficients C . In order to test shell model wavefunctions, a pre-

scription for calculating these coefficients must be devised. We will
do this by introducing an intermediate state expansion so that reduced
matrix élements for two nucleon configurations and single nucleon con-
figurations may be used. This method has the advantages of using the
output of existing shell model codes (codes for calculating three
nucleon overlaps have not been written as yet) and of allowing us to
Separate the two neutrons for easy anti-symmeterization as we have
done,

In addition, this method is intuitively pleasing since it divides

the problem into two nucleon transfer and single nucleon transfer.
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The expansion coefficients defined in Equation II. 3 are given by

@) I Ji Jzydiz J jilIA In
C{nlﬂlJl}hzaj <[‘P {’4“’ o) ‘Ps} |<P . II. 38

A p-n formalism has been used and we have anti-symmeterized accord-
ingly. However, the shell model wavefunctions which we wish to use

@)

for the calculation of C are derived in the isospin formalism. It is
necessary, therefore, to begin by converting the right hand side of
Equation II. 38 to the appropriate form for the isospin formalism. We do

this by expanding the three nucleon wavefunction

{74(]12 J22>J121 J3}_ _\[57-{74@)12 Jzz> 43 2}]2
+ m{ﬁ@j‘%cpjé)lcph%}j Y2 i3

Even though neither term on the right hand side is anti-symmetric, the
total must be since it is an expansion of an anti-symmetric wavefunc-
tion with a complete basis set. The right hand side also has the dis-
pleasing feature of having a term that has an isospin coupling of 3/2.
This is because our p-n formalism triton wavefunction does not have
good isospin.

It is desirable to work with reduced matrix elements so as to

simplify the algebra. The following definition is useful in this regard.

2k
ky kayk, ky _ (D2 x ok, k
(0710 ) ) = e @ e 2 llen). II.40
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Inserting Equations II.39 and II.40 into II.38 gives

2j
(A) _(_)___[ ,\/5_3' 74{ 112 Jzz>J121 ]3}12 IATA>
C{niﬂiji}jlzaxj N2Ip+1 /< ” ( [1e N,

InT jljij1j1j3/2 InT
+\/1/3<<P BNBII/I{(w Yo 22) e 3? II¢ANA>] . II.41
B A

Here the reduced matrix elements are reduced in spin only. The ‘Wigner

Eckhart theorem can be applied to reduce them in isospin as well.
G ) -N T T IoT
{ni[’ili}hzo‘xl v -Ng -~ A
3/2
. {,4( ]12 ]22 J32}J2]:[ IA A \/7—( 1) TB NB( / TA>
Ny -z N,

Ty ]I{A ((pj,%(pjz%yules%}j 3/2 E“’IATA>] . 1. 42

These reduced matrix elements can be expanded using the rela-

(I M

tion

ky k, k
Qan[Tklx T¥7k ncp1> ) Y {‘ i
'YI" ]’l ]' ]'ll

. I k.l "\/ J" kZ T
ESTS ONEE ) mas

where v represents other quantum numbers which may be needed to

@) is

describe the intermediate states. The resulting expression for C

Iatil 2T
@) _ (A" ’ 2j+1 2 [ A L
© NE) (-1) "(T_N_3-3IT N)
{ngyiHumg N2l ¥ 2Tp+1 V3 I-Zf:- B B2 2 '1aATA
’Y .

{1 %} : 1)2TA+1( r ) z 2
: + (- T N 3-3% X
' B B2 A{ }]

nf=
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; ] InT i 1 1
j Ja_ JY. ‘B*B 113 o5\ i, 1 " Tl s L IATA
X{ 12 : .}Qp I[%](cphchlzz>hz H¢'{/ >QP'IYT ]I(pl3zﬂ:gp >
I1. 44
This is the result we desire since it is really these reduced
matrix elements that the shell model overlap codes provide. Notice
that only even values are allowed for the two nucleon coupling if the
target has a ground state spin of zero. This is so because the two

nucleons are in an isospin one state and a relative s state. Thus the

sum over J' is only over the values 0, 2,4, ...

I. Sample Calculations

"Figure II.4 shows a comparison of three methods of calculating
three nucleon form factors. The microscopic Woods-Saxon form factor
was calculated assuming each was bound by 8 MeV. The oscillator
form factor was calculated assuming a size parameter of .226 fm-z (see
below). A hankel tail was matched to the oscillator form factor to give
the correct asymptotic behavior. The mass three cluster form factor
was calculated using a Woods-Saxon well and the triton separation
energy from 52Cr. The two form factors have similar shapes, although
they differ a bit near the nuclear surface. The mass three cluster form
factor has its nodes pushed out further than the other two form factors
and does not display an accentuated last maximum. In addition, the
cluster form factor does not have the same tail as the microscopic

Woods-Saxon form factor.
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Figure II1.4

Form factors for 53Cr(p,a/)49V going to the 7/2 ground state of 49V.



Arbitrary Units

50

1 LR SR L

L BB ARA

R 1 | !
\.\‘
\.

I ¥ T T T T

Form Factor Comparison

L1 1 1itil i 1t 1Litil

Figure I1.4

;I' Mass 3 Cluster W.S5,— -

Microscopic H.O. ———— i

E Microscopic W.S. - E

|.'o afo’ 3.'0 4.'0 s.' o sro 70
Radius (fm.)



51
Zero range DWBA calculations for the form factors in Figure II.4
are shown in Figure II.5. Even though the cluster form factor is dif-
ferent, the predicted angular distribution is similar to both microscopic
calculations. The optical parameters for all the DWBA calculations

which we present are given in Table II.2.

TABLE II.2

OPTICAL PARAMETERS

. a)
Particle Ve rr ar Vso rSo aSO VI rI OI' Ws

-43.2211.22.72}-25.041.01] .75| -5.0(1.32] .52 |12.6
o 196.0 }1.22}.72 -16.011.82{ .38

aAs input for DWUCK72 (I1.27)—e.g., includes factor of 4.0.

The effect of different neutron orbitals is shown in Figures II.6
and II.7. The (1p3/2)20f7/2 and (Of7/2)3 form factors differ in much
the same way that the éluster form factor and the (0f7/2)3 form factor
differ. The angular distributions are similar again, but the
(1p3/2)20f7/2 transfer is predicted to havé ten times more cross sec-
tion. This feature can be tested by examining the 7/2 states in
>4 '56Pe (p,af)S 1. 53Mn reactions.

The form factors wh'i/c.h are shown in Figures II.4 and II.6 are for
a particular choice of the a-particle size. We have used 1. 63 fm for

the root mean square radius of the o-particle. This value was meas-

ured by electron scattering (II.26).
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Figure 11.5

Zero range DWBA calculations for the 7/2_ form factors shown
in Figure 11.4. Ep = 35 MeV.
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Figure 11.6

Microscogic form factors for a seniority one 7/2_ transfer in the
S Cr(p,a)49V reaction—Woods-Saxon potential.
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Figure II.7

DWBA calculations for the form factors shown in Figure II.6.
Ep = 35 MeV.
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To perform the Woods-Saxon form factor calculation, it is neces-
sary to determine the n-n separation and the proton—di-neutron sepa-
ration from the o-particle radius. The appropriate r.m.s, separations

turn out to be

A
n-n

1.537 fm

Ao (o) = 1-331 fm.

For the harmonic oscillator calculation, it is necessary to find
the relation between B and the a-particle radius. The a-particle

wavefunction is

4
“B/2Z i-Rom)®
p = e i=1 .

The sum may be transformed to internal coordinates only by

4
2 1.2 2 2 .32
i_;l(fi Rom) =371+ 33+ 0",

Earlier we used the variables le and p123. These variables are now

seen to be
N3
2 £

1
R12 = W2 t127 Pig3 = 2/3 1194 Pi234 = 2°

The definition of the r.m.s. radius is

oo 2 2 2
“B(P12+Py123H+P123e) 2, 2 | 2
2 1 foe 12771237 1234 (Pl'z+9123+01234)012012391234d912d9123dplzs4
AS ==

a 4 fwe’B(piz'*'szs"'szu) 2 2 2
(o

P12P123P1234d0 120012340534

If the integrals are carried out, the expression for B is

L
2
A,

2

g _ -
B—8 = ,42 fm ~.
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The nuclear wavefunction also requires a size parameter. For the

1
Woods-Saxon well the usual A°® prescription was used with r.=1.22 fm

0
and a diffuseness of .72 fm. The size parameter for the harmonic
oscillator can be determined from the electron scattering r.m.s. radius
measurements with the relation
%)

s
(R7) = =~ r%an(Zn+2£+3/2)

which follows from the virial theorem. The sum is over protons only
and an is the proton occupation number for the nf-orbit. The center
of mass motion is neglected in deriving this relation. Therefore, it
cannot be expected to give accurate results for light nuclei. For
example, the size parameter for the a-particle that was calculated
exactly is 33 percent smaller than that which is arrived at if the above
relation is used. Typical size parameters for the periodic table are

given in Table II. 3.

TABLE II.3

TYPICAL OSCILLATOR SIZE PARAMETERS

Nucleus Radius (fm)a) a(fm_z)
16O 2.718 . 3046
40Ca 3.482 .2474
58Ni 3.764 .2420
90Zr 4,265 .2062

208Pb 5.498 .1900

a , .
Radius parameters are electron scattering results from Refer-
ence II.26.
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The difference between the size parameters, o and B, is a meas-

ure of the importance of the 1s, 2s, 3s, . . . internal triton states. A

table of structure factors which show the effect for two nucleon trans-
fer has been published by Glendenning (II.28). Similarly, a three

nucleon structure factor may be defined by

Ly Ly Ll | &, £, £z ”
il 1 1| |1 1
S =10 5 3115 3 0
Vi 2 2 2 2 \/2(1+6n1n26£1[/26j1j2) V2V;
2T PR 1 N I PO PR

. ((N'-vz)Z v O:ﬁlzln 8. n_f_:0. )

1272 1717272712711

. P . 3/2/B8\9,/4 \
(v 8v,0:2] (N v2)£12n3£3.£>21<2 (ﬂ) A

VZV3

where Av v is given by Equation II.26. The form factor is given by
2V3

- it £
fzgl) = Z Svltpvl(@ I)-

Vi
Table II.4 is a set of structure factors for all (0f7/2)3 configura-

tions. In general the structure factors increase as the number of nodes

in the radial wavefunction increases. They decrease as the intermedi-

ate coupling value increases if j=/ +§, but have the opposite behavior
if j=f-%. An alternation in the magnitude of the structure factors is
also apparent. For example, the 19/2_ transition has a larger structure

factor than the 17/2 transition. Similarly the 15/2 structure factors

are larger than the 13/2 values.

The actual strength of a pure configuration is dependent on the

reaction kinematics. Examination of the structure factors is not
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sufficient to investigate cross section ratios of transfers that have dif-
ferent angular momentum characteristics. Peak cross sections for the

(0£7/2) 3 configurations are tabulated in Table II.5.

TABLE II.5

MAXIMUM CROSS SECTIONS FOR (Of.7/2)3 CONFIGURATIONS*

] Ly, = 0 2 4 6
1/2° (.283)1.132
3/2° (.398).796 (.107).214
5/2 (.057).076 (.114).152 (2.18).291
7/2 (1.0) 1.0 (.283).283 (.122).122 (.044).044
9/2" (.059).047 (.109).087 (.142).114
11/2° (.602).401 (.206).137 (.083).055
13/2° (.052).030 (.071).041
15/2 (.092).346 (.203).102
17/2° (.005).029
19/2° | (.698).279
¢ )= *mwuck:
No () = spwyck/@y+1) -

*All values relative to the I”=7/2_;-E12 =0 maximum cross sec-
tion.

These values are the results of zero range calculations using
(0£7/2) 3 Woods-Saxon form factors. The 7/2 seniority one transfer
has been normalized to oné/and all other values are relative to it. The
bPeak cross sections were taken to be the largest value irrespective of

the angle at which it occurred. The exact values may not have much
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meaning when comparing calculations with different angular momentum
values because of the large angular momentum mismatch. However,
the fact that the j5 member always has more cross section than the j<
member of a spin-orbit pair is general. In addition, the same inter-
mediate coupling dependence that was noted for the structure factors is
again evident,.

The effect of the orbital spins on the cross section is demon-
strated in Figure II.7 where the (1p3/2)20f7/2 seniority transfer was
seen to have ten times the predicted cross section of that of the
(0£7/2) 3 seniority transfer. This effect can be understood as being
the result of a larger "S" component in the relative wavefunction for
two nucleons in low spin orbitals than for two nucleons in high spin
orbitals. The 208Pb(p,a/)205‘1‘1 and 208Pb(oz,p)zuBi reactions should
be ideal reactions with which to test this feature. Since the (p,a)
reaction picks particles out of low spin orbitals, the cross sections to
205Tl should be large. The states in 211Bi will be mostly three parti-
cles in orbits with spins of 9/2 and should not be easily excited.

The center of mass motion becomes important when comparing
Cross sections of states in different final nuclei. This is especially
important for light nuclei. The center of mass correction is displayed
for a (0d5/2)3 seniority one transfer from 24“Mg in Figure II.8. Pri-

marily the center of mass correction is a multiplicative factor, even

though it could change the shape slightly. Slight shape changes are
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Figure II.8

Center of mass correction for a 5/2% seniority one transfer in the
24Mg(p,a)21Na reaction. The top two curves show the absolute
magnitudes, while the bottom two curves have been shifted to
emphasize the shape differences introduced by the correction.
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evident on the first two maxima. For this case the cluster multiplica-

tive factor (A/(A- 3))N+ /2

is sufficient correction. Since the shape
change is small, it seems reasonable to apply this correction to all
form factor models.

If the size parameter for the a-particle is equal to the size
parameter of the target potential well in the oscillator model, then
the triton internal state must be a 0s state. In this instance, the
structure factors are all zero except the one with the largest number
of radial nodes. The radial shape becomes the same as that of a mass
three particle in a harmonic oscillator well with a size parameter given
by 3a. A (0f7/2)3 calculation where both o and B were taken to be
226 fm is compared with the Woods-Saxon mass three cluster form
factor in Figure II.9. These two form factors are rather similar. Since
the differences are small, it seems reasonable to calculate mass three

cluster spectroscopic factors microscopically by the prescription given

in Section G.

J. The DWBA and the (p,a) Reaction

Multi-particle transfer reactions are difficult to handle with the
DWBA because of the large mass transfer and, hence, the large momen-
tum transfer. Such circumstances give rise to finite range effects
which often cannot be ac—:;:ounted for using the zero range approxima-
tion. Most important of these effects is the recoil which is left out of

the zero range approximation because the projectile, picked up cluster,
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Figure II.9

Cluster form factors for a 7/2- transfer in the
52Cr(p,oz)‘{lgv reaction.



Arbitrary Units

70

v LR RA 4 LI R A

LR ERRL]

|

T 1T T 1T TT e

UL LA ]

1

Cluster Form Factors

W.s. ——
HO. ——— -

1 1 1111

L1 1 11844

1 1.8 1itsh 1 L4 11 ietl

L ' T ¥

2.0 30 40 5.0
Radius (fm)

Figure II.9

60

7.C



71
and ejectile all move on the same line in the zero range theory. In
addition, a large angular momentum mismatch can cause great diffi-
culty since both the shapes and magnitudes of the angular distribu-
tions are sensitive to the optical parameters, which are poorly deter-
minted for composite particles, when the mismatch is severe.

The finite range effects for the (p,a) reaction have been studied
previously by Drisko and Satchler (II.29). They found very little
shape dependence for the one case that they reported. We have per-
formed exact finite range calculations using the code LOLA (II. 30) for
a number of transitions. No spin-orbit potential is allowed in this
code so the comparison to zero range calculations done with DWUCK72
(I1.27) must be done without spin-orbit coupling in the proton optical
parameters. The results of an £ =3 calculation using the microscopic
Woods-Saxon (Of7/2)3 form factor from Figure II.4 is shown in
Figure I1.10. There do not appear to be strong shape changes that
can be attributed to finite range effects. This is very fortunate since
the spin-orbit coupling is necessary to reproduce the j-dependence
that has been observed. The lack of finite range dependence may be
attributed to the choice of optical parameters. To first order the
largest finite range effect is to reduce the contribution of the nuclear
interior to the transition matrix element. To some extent this may also
be accomplished by a judicious choice of the optical parameters. It

has been noted previously for the (d,a) reaction that finite range
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Figure I1.10

A comparison of an exact finite range DWBA calculation and a zero

range DWBA calculation. The microscopic Woods-Saxon model form

factor shown in Figure II.4 was used in both calculations. The cal-

culations were done without spin-orbit coupling in the proton channel.
Ep = 35 MeV.
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effects are minimized if the "well matched" optical potentials are
chosen (I1.31). The optical parameters which we have used have the
same geometry and have real well depths of about 50 MeV for the proton
channel and about 200 MeV for the a-particle potential. These are the
well matching conditions.

The angular momentum mismatch may be illustrated in a number of
ways. A classical approximation which is frequently used is to assume
that the reaction takes place at the nuclear surface and that the ejec-
tile is emitted at 0°. Under this assumption the classical change in

angular momentum is

N lr (Pﬁp-pa)l .

For the 52Cr case which we have been considering, A/Z is about 6.
For the (p,a) reaction on Te, where the Q-value is more positive and
the radius is larger, Af may go as high as 9 or 10. Since most
L-transfers are between 0 and 5, they do not meet the angular momen-
tum requirements and are suppressed. Classically they would not
occur at all.

A quantum mechanical way of looking at this effect is to examine
the elastic scattering reflection coefficients. Most of the reaction
cross section comes from a few partial waves near the one which has
IYLLI =.5. A plot of the reflection coefficients vs. L is displayed in

Figure II.11. The gap at le = ,5 between the two curves is about
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Figure II. 11

Reflection coefficients for proton and o-particle elastic scattering.
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gh. In other words, this picture predicts an even larger angular

momentum transfer is favored.

Another point is apparent in Figure II.11. The partial waves
with L less than 11 for the ao-particle are completely absorbed. Hence,
they do not contribute to the elastic scattering. A study of 40 MeV
a-scattering from Ni has shown that the lowest 14 partial waves can
be ignored without changing the elastic scattering calculations by more
than a few percent (II.32). If these partial waves turn out to dominate
the (p,a) cross section, the DWBA may be sensitive to changes in the
optical parameters and the nuclear interior.

The magnitude of the contribution of the individual a-particle
partial waves to the cross section can be determined by examining the
radial integrals. This has been done by Stock et al. (II.33) for the

(3He,a) reaction. It is better to go one step further and look at the

quantity
L. -L.-4
- Lo P 1 1 1_ 1
ALa ‘IZI}. 1 (Lpospz’]'pz)(La(z m)jm”pz)(ZLa"'l)
PP L 0L
(L 0£01L_0)N2(2j+1) (2L +1)(2L_+1) za _— II/Sj
. j+ + + 3 .
s P J S p 2 TpLpLaly
Lp 2 Jp
The radial integrals are
e f * e T ex . )dr.d
= X r r.)Xx r r dr .
TpLploly LyL, @ 1 Jplp P P«

The quantity A includes all the radial matrix elements that go with the

La partial wave. Previous workers have chosen to examine only one
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term of this sum. For the sake of calculation, m can be taken to be
1/2. Figure I1.12 is a graph of A vs. La for a few angular momentum
transfers. The two different curves in each box are for the two differ-
ent j values that are associated with the f/-transfer.

The first thing to notice is that essentially all the important La
values are the ones that are poorly determined by elastic scattering.
The only exception is the £ =9 transfer.

Perhaps the most striking feature of these plots is the difference
between the 1/2 and 3/2 curves. It is not surprising that the DWBA
predicts these transfers to have very different angular distributions.
The 1/2- transfer is dominated by the sixth and seventh partial waves,
while the 3/2- transition is spread over a much larger group of partial
waves. The radial matrix elements are the same for these two trans-
fers since they do not know about the j-value unless the form factor
depends on j. However, some of these radial matrix elements do not
contribute to the sum for the 1/2_ transfer because they do not satisfy
the selection rule implied by

(L0237 2).
The possible values for Lp are La+1 and La-l. The possible values
of Ip are Lp+% and Lp—%. If Ip is Lp—%, then all the radial integrals
with Lp=La-1 will not bé allowed since this implies that Ip=Lp— 3/2.
Similarly for Ip=Lp+-§-, the set of radial matrix elements with Lp=La+1

cannot contribute. For the 3/2- transfer all the radial integrals will

contribute to the sum.
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Figure II.12

A plotof |Ar | vs. L,. lA7, | is proportional to the contribution of

the L, partial wave to the cross section. The calculations are for
the 52(3:'(13,01)49V reaction at Ep=35 MeV.
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The j-dependence which is s©O apparent in the /=1 graph is much
more subtle for the other three cases in Figure II.12. This is because
many partial waves contribute to each term. Even though one less pro-
ton partial wave is involved in the j < sum, there are still enough par-
tial waves involved to give a broad distribution of strength.

This would seem to indicate that the j-dependence may be the
result of simple angular momentum selection rules. To test this
hypothesis the sign of the spin-orbit potential in the proton channel
can be changed. Since the sharply peaked distribution for the 1/ 2"
transfer is ba sically the result of angular momentum selection rules
changing the sign of the potential should not change this distribution
much. Therefore, the angular distribution should not change.

Figure II.13 shows the angular dis'a:ibutions for the 1/2 and 3/2
transfers when the spin-orbit sign is reversed. The angular distribu-
tions are nearly reversed. The oscillations are nearly gone in the 1/2—
curve where the 3/ 2~ curve now has peaks and valleys which were not
previously apparent. Therefore, the j-dependence is not caused by the
number of radial matrix elements that are allowed.

The only other effect that the spin-orbit potential has is to change
the shape of the proton optical potential. The effect is something like
increasing the radius of the real volume term for the j> member and
decreasing the radius for the j < member. The j-dependence can be

investigated by turning off the spin-orbit force and changing the radius
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Figure 11,13

DWBA calculations for the 92Cr(p, a)49V reaction with the wrong sign
for the spin-orbit potential in the proton channel. Ep = 35 MeV.
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of the real well in the proton channel. The results of this procedure
are shown for an £=1 transition in Figure II.14. The 1/2— structure
is apparent for small radii, while the washed out 3/2- shape appears
for larger radius parameters. This appears to be the source of the
j-dependence.

j-dependence still remains a puzzle, even though we seem to
have isolated the source. The above discussion seems to imply that
there should be a larger j-dependence for the (p,d) reaction than is
observed. It seems clear that the a-particle must play an important
role in the j-dependence in the (p,a) reaction while the deuteron is
less important to j-dependence in the (p,d) reaction, Qualitatively
this may be understood, if the a-particles come from the nuclear sur-
face, since changing the proton optical potentials in the way that we
have causes the region of high proton flux on the back surface of the

nucleus to change rapidly across the surface.

K. Conclusions

Two methods of calculating microsc‘opic form factors for the (p,q)
and (a,p) reactions have been found to produce consistent results.
When hankel tails are matched to form factors calculated using har-
monic oscillator wavefunctions, the form factors have been shown to be
nearly equivalent.

The correction for the center of mass motion has been carried out

on the harmonic oscillator model. This correction is mainly a
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Figure 1II. 14

DWBA calculations for the 52Cr(p,oz)49V reaction without the spin-orbit
potential in the proton channel. The real well radius of the proton

optical potential is varied to mock-up the effect of VSO’ Ep= 35 MeV.
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multiplicative factor. Hence, we conclude that a reasonable form fac-

N+£/2 where N is the

tor can be corrected by multiplying by (A/(A-3))
number of nodes in the form factor.

It has also been shown that a mass three cluster spectroscopic
factors can be calculated microscopically using the harmonic oscillator
model. The form factor for a mass three particle in an oscillator poten-
tial has been found to be similar to that of a mass three particle in a
Woods-Saxon well if a hankel tail is matched to the oscillator form
factor. We conclude that spectroscopic factors calculated by using
either cluster form factor model can be calculated microscopically by
the method given in section six.

The cross section of pure configurations on the angular momentum
coupling has been investigated. It has been found that the j> member
of a spin-orbit pair is always predicted to have more yield, if coher-
ence is neglected.

The use of zero range DWBA has been tested and found to be
adequate. Finite range calculations indicated that angular distribution
shapes are not affected by finite range effects.

Angular momentum matching has been studied. The (p,a) and
(a,p) reactions have been found to be severely mismatched so that
detailed fits are not expected to be good and sensitivity to optical

pParameters is expected.
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Finally the cause of j-dependence has been investigated. It
appears that j-dependence is not a result of differences in the number
of partial waves that contribute to the j< and j> transitions. The
j-dependence seems to come from the change in shape of the real well

in the proton optical potential which is caused by the spin-orbit force.
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CHAPTER III
EXPERIMENTAL CONSIDERATIONS

The (p, @) reaction presents a number of experimental problems.
The bombarding energy must be sufficient to insure that the reaction
proceeds by direct pick-up. In addition, it is desirable to be looking
at o-particles that are much more energetic than the boil-off and decay
a-particles so as to not be hindered by background from these
processes. Sherr et al. (III. 1) have found that proton energies above
17 MeV are sufficient to observe direct reaction a-particles for nuclei
in the nickel region.

The density of final states is frequently very high. An energy
resolution of 20 keV FWHM, or better, is desirable to resolve a
reasonable number of states.

Typical cross sections are of the order of 10pb/sr. The strongest
Peaks may be as large as 200ub/sr., while many weak transitions may
be observed at the lub/sr. level. In order to observe such small cross
sections, a system to cleanly identify the o-particles in the midst of a
sea of other reaction products is required.

The 35 MeV proton beam was chosen because it satisfies the
experimental requirements and because it is a reliable beam for the

92
\
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M.S.U. cyclotron to produce. 35 MeV is sufficiently above the
Coulomb barrier, even for lead, to insure that boil-off o~particles are
not a problem. Many high resolution (p,p') experiments have been
performed in the last couple of years using this beam. Energy resolu-
tion as good as 1.5 keV FWHM has been obtained with this beam in
test situations. The cyclotron and beam line settings for this high
quality beam are highly reproducible. Furthermore, beam currents of 2
to 3 pA on target are obtained with relative ease at this energy.

An Enge split pole magnetic spectrograph is an ideal instrument
for studying low cross section reactions with good energy resolution.
The spectrograph aperture may be as large as 1.2 msr. without
degrading the resolution to worse than about 5 keV FWHM at 30 MeV
particle energy. The small cross sections require the largest possible
solid angles and the highest possible beam currents.

The (p,a) reaction is a bit more difficult to study with a spectro-
graph than most reactions because protons and a-particles have the
same magnetic rigidity (m/qz) causing protons and «-particles of the
same energy to be focused at the same place in the focal plane of the
spectrograph. Most (p,a) reactions have Q-values near zero, some
slightly negative and others a bit positive. Thus the region of the
focal plane which contains the a-particle spectrum is riddled with
Strong proton groups. In addition, there is a continuum of lower

energy deuterons and tritons in the same region. The focal plane
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detector must be able to cleanly identify a-particles while rejecting
protons at a high rate,

Photographic emulsions may be used in the focal plane. These
emulsions may be purchased with various sensitivities. Since o-
particles are highly-ionizing, while protons leave a minimum ioniza-
tion, insensitive emulsions are called for. Ilford K.l emulsions (III.2)
were used for this purpose. These emulsions have a low enough sensi-
tivity that protons and deuterons pass through without leaving a track.
Unfortunately, it was found that tritons did leave tracks that could not
be distinguished from the o-particle tracks. It may be that Ilford K, 0
emulsions are better for this purpose.

Photographic emulsions have the advantage of being the highest
resolution detectors available. In addition, they do not require expen-
sive electronics to operate. However, they must be scanned with
off-line microscopes. This process usually takes a number of months
for a complete angular distribution. In addition, the triton background
can obscure very weak peaks. Therefore, a livetime counting system
is desirable.

Most of thé spectra taken for this work were recorded with the
focal plane counter developed by Markham and Robertson (III.3).
Figure III. 1 shows a cross sectional view of this counter, while
Figure III. 2 shows a top view of the front chamber. The ionization

track left by the particle is multiplied at the anode wires. Charge is
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Figure III.1

Cross sectional view of the focal plane counter.
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Figure III.2

Top view of the focal plane counter.
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induced on the cathode pick-up stripes below. The induced charge is
collected by a delay line. The signal from one end of the delay line is
used to start a time to amplitude converter, while the signal from the
other end of the delay line is delayed for a period which is longer than
the total delay of the delay line and then used to stop the TAC. The
resulting pulseheight is the position of the track. The second chamber
contains a conventional single wire proportional counter. The signal
from this wire is proportional to the energy loss of the particles that
pass through the chamber. The a-particles may be identified because
they have a larger energy loss than protons, deuterons, tritons, or
3He ions. Further restrictions are necessary to eliminate all the pro-
tons. Because of the tremendous number of protons, there are an
intolerable number that have the same energy loss as an o-particle
even though the probability of such events is very low. The added
restriction is obtained by using a plastic scintillator as a third counter
mounted behind the exit window of the proportional counter. The anode
signal from the photomultiplier can be used to start a TAC which is sub-
sequently stopped by the cyclotron r.f. The resulting signal is a
measure of the flight time of the particle through the spectrograph. The
time-of-flight requirement easily distinguishes protons from a-particles.
Very clean spectra can be obtained if the energy loss and the time-of-
flight requirements are used simultaneously. The system count rate is

limited by the proton rejection rate if the elastics are on the counter.
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The targets need to be <100 png/cm2 thick in order to keep the
energy loss of the a-particles from degrading the energy resolution.
The targets were made by reducing metal oxides and evaporating the
liberated metal. The vapor was condensed on 20 png/c:m2 carbon foils.
The details of each experiment are presented in the fourth and

fifth chapters.
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CHAPTER IV

FEATURES OF THE 5’?'Cr(p,af)llgv REACTION

A . Introduction

The (p,a) and (a,p) reactions may prove to be very useful spectra
scopic tools. The qualitative features of these reactions are not well
documented, with the exception of j-dependence for £ =1 fransfers
(v.1, Iv.2, 1IV. 3, IV.4). In this chapter the qualitative features of the
(p,a) reaction as seen in the 52Cr(p,ar)49V reaction are investigated.
Since three nucleons are transferred, it is possible to study final nucle
that are not accessible by other pick-up reactions either because the
targets for these reactions are unstable or difficult to make. Final
nuclei in this class are 47V (Iv.5, 1v.6), San (Iv.e, 1v.7, 1v.8),

5
5CO (Iv.6, Iv.9), and 119

Te (IV.10). To understand the spectra of
these unknown nuclei, it is necessary to-document the properties of the

(p.a) reaction on nuclei that have been previously studied with simpler

5

reactions. The 2Cr(p,af)‘lgv reaction is a good choice for such a studs

in the 0f7/2 shell because 49V has been studied by a number of others
(v.11, 1v.12, IV.13,.IV. 14, Iv.15, 1Iv.16, IV.17, IV.18, IV.19, IV.5)
Previous work in this mass region at beam energies above 17 Me!

has shown that the simple proton hole states that are populated in

102
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single proton pick-up reactions dominate the (p,a) spectra (see Refer-
ence IV.2, for example). These states seem to be described reasonably
well with seniority-one wavefunctions (IV.2). Therefore, we should
expect the 49V spectrum to display strong peaks for the 7/2- ground
state and the 3/2+ and 1/2+ sd-shell proton hole states.

In addition to the T=3/2 proton hole states, the T=5/2 analogs
of the neutron hole states in 49Ti should also be populated. These
states are not isospin allowed in the 5OCr(d, 3He)49V or 50Cr(t,oz)49V
reactions. Experimental observation of analog states with the (p,aq)
reaction has not been previously démonstrat_g:d except for some tenta-
tive assignments by Bardin and Rickey'(IV.ZO) using Ti isotope targets.

Multi-particle transfer reactions offer the chance to study high
spin states. For some time now the (a,xnv) reactions have been used
to populate such states. Recently heavy ion induced reactions such as
(19F,p2n'y) have been used to find high spin states such as the 12+ in
44Ti (Iv.21). If two 0f7/2 neutrons and a 0f7/2 proton are picked up
via the (p,a) reaction, it is possible to reach final states via I" trans-
fers of up to 19/2_. The (p,a) reaction on 51V could, in principle,
then, directly populate the 12+ in 48Ti. If the proton comes from the
0d3/2 orbit, 15/2+ is the maximum ] transfer. A study of the
90,92 '94’962r(p,a) reacti;ns has concentrated on this aspect of the
reaction. Spins up to 15/2— were observed in that work (IV.22). The
maximum coupling of (Od5/2)3, which is 13/2+, has been observed in

*Na(p,) 2%Ne, 12C(a,p) 5N, and 0, p % qv.23, V.24, IV.25).
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Lee et al. (IV.1) have shown that the j-dependence is a result of
spin-orbit coupling in the proton optical potential. The j-dependence
for the I"= 1/2 , 3/2  spin-orbit pair is reproduced by DWBA calcula-
tions using mass three cluster form factors (for example, see Refer-
ence IV.22). The reliability of j-dependence for higher £-values is
still an open question. Studies of the £=2 and 3 transfers are con-
fusing (IV.4, IV.26). Much of this confusion is apparently the result
of important structure effects in the sd-shell. A study of the
24 '26Mg(p,a/)21 ! 23Na reactions shows that the angular distributions
for states with the same Iﬂ values sometimes have very different
shapes (IV.27). It would seem that j-dependence will only be a useful
tool if the shapes of the angular distributions are insensitive to the
detailed structures of the states. This may be the case for targets that
are heavier than those in the sd-shell.

The most common method of using the DWBA to predict the shapes
of angular distributions for (p,a) and («,p) studies has been to do zero-
range calculations which employ mass three cluster form factors. These
calculations can fit the data reasonably well in many cases. In regions
where nuclear structure does not affect the shapes of the angular dis-
tributions, it may be possible to use these calculations to make ]ﬂ
assignments (IV.22, IV.28).

Recently a few microscopic reaction models have been developed .

(see Chapter II and Iv.24, 1Iv.29, 1IvV.30, IV.31). Such models may



105

make it possible to predict both shapes and magnitudes of the angular
distributions even when nuclear structure effects are important, pro-
vided detailed wavefunctions are available.

In the sections to follow we will look into the general features
of the data, try to evaluate the reliability of the £=2 and 3
j-dependence for this case, check the use of the DWBA using cluster
form factors, and test DWBA calculations based on the microscopic

form factors described in Chapter II.

B. Experimental Method and Data

The 35 MeV proton beam from the Michigan State University

isochronous cyclotron was used to bombard an isotopically enriched
2Cr target. The reaction products were momentum analyzed in an

Enge split pole spectrograph and detected with the delay line counter
developed by Markham and Robertson (Iv.32). Position and energy loss
information were taken from this counter, while a plastic scintillator
placed behind the counter was used to obtain particle time-of-flight
information relative to the cyclotron r.f. structure. The a-particles
were cleanly identified by their energy loss in the counter and their
time-of-flight. An over-all energy resolution of 20 KeV FWHM was
obtained with this syster}l.

The target thicknesses were typically 20 to 40 pg/crnz. The
thicknesses were measured by comparing proton elastic scattering on

the second maximum of the elastic scattering angular distribution to
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the results of optical model predictions. Targets £100 ;.xg/cm2 were
necessary to keep the energy loss of the a-particles to a minimum.
However, the thermal coefficient of expansion of Cr presented a further
constraint on the target thickness. The targets were made by reducing
SZCrZO3 with tantalum and simultaneously evaporating the liberated Cr.
The Cr was deposited on 20 png/cm2 carbon foils. When the target
reached a thickness of ~50 p.g/sz , the backing would break thereby
imposing an upper limit on the target thickness obtainable by this
technique.

Because of the thin targets, large solid angles and high beam
currents were necessary. For the most part, a solid angle of 2.0 msr.
and a beam current of 2.5 pA were used.

A few spectra were also recorded on photographic emulsions in
order to obtain more precise values for the excitation energies and
better resolution. One of these spectra is shown in Figure IV.1. The
resolution is about 10 keV FWHM. The three strong peaks are the 7/2—
ground state, the 3/2+ proton hole state at 0.748 MeV, and the
1.646 Mev, 1/2+ proton hole state. In addition, there is a tall peak
due to the 1.95 Mev 5/2+ hole state in ng which is the result of 328
impurity in the target. The wide peak near channel 1650 is the 13N
ground state, which is kin"e}natically out of focus.

A log plot of the same Spectrum is shown in Figure IV.2. It is

immediately evident that there are a great number of weaker states in
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Figure IV.1

The 52Cr(p,a/)‘lgv spectrum at 16° plotted on a linear scale. The spec-
trum was recorded on a photographic emulsion.
Ep=35 MeV; FWHM ~ 10 keV.
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Figure 1IV.2

The same spectrum as Figure IV.1 but plotted on a log scale.
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addition to the proton hole states. The background counts are probably
triton tracks on the plate that could not be distinguished from the
o-particle tracks. Ilford K,1 emulsions (IV.37) were used for this work.
These emulsions are insensitive to the inelastic proton groups which
struck the plate, but discrimination against tritons was not possible.

A spectrum taken at the same angle with the counter system is
shown in Figure IV.3. This spectrum is much cleaner because the tri-
tons cannot satisfy the time-of-flight requirement. In this case the
resolution is about 20 keV FWHM.

In order to look for the T=5/2 proton hole states, the spectro-
graph field was adjusted so thaf the high rho end of the counter was
located at approximately 4 MeV excitation energy. This allowed for
about one and a half MeV of overlap with the lower excitation spectra.
Typical spectra for the high excitation region are displayed in
Figure IV.4. At forward angles the break-up of 9B, made by the
IZC(p,a) 9B reaction, causes a large background as can be seen in the
top half of Figure IV.4. The bottom half of Figure IV.4 contains the
S5-degree spectrum where the 9B has kinematically shifted out of the
way. The three sharp peaks are the 7/2 , 1/2+, and 3/2+ T=5/2
analogs of states in 49Ti. The excitation energies of these levels are

compared with the corrééponding levels in 49Ti in Table IV. 1.
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Figure 1IV. 3

The 52Cr(p,a)49V spectrum at 16° recorded with the counter system.
Ep = 35 MeV; FWHM ~ 20 keV.
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Figure IV.4

High excitation spectra showing the T=5/2 proton hole states in 49V‘
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TABLE 1V.1

T=5/2 ENERGIES

49 49

v Excitation EC Differential Ti
- (MeV)

7/2 6.446+ .020 7.848+ .03 -—- 0.000
1/2" 8.947 + .025 7.848% .03 2.50 +.010  2.50
3/2" 9.088+ .025 7.830% .03 2.642%.010  2.66

NOTE: E_/Z . = .357 for7/2 .

Candidates for high spin states can be identified by looking for
large peaks in the back angle spectra. Figure IV.5 is the 60-degree
spectrum. Peaks due to levels which have lower spins become weak as
the angle increases, while the higher spin states have relatively flat
angular distributions. The peak at 4.797 MeV is a good candidate for a
high spin state. In the spectrum at 12 degrees (Figure IV.1), it is
comparable in yield to many other states, while at 60 degrees it is the
strongest peak.

The angular distributions that have »been obtained are displayed
in Figures IV.6, IV.7, IV.8. The high spin type of angular distribution
is evident for the 4,797 MeV level. This angular distribution is even

Seéen to rise in the low angles as the angle increases.

C. Comparison with Other Experiments

A summary of the energy levels observed in this experiment is

Presented in Table IV.2. The table also contains a summary of the data
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Figure IV.5

The 52Cr(p,oz)‘lgv spectrum at 60° showing candidates for high spin
states at 3.612, 3.745, and 4.797 MeV.
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Figure IV.6

S 2CJ r(p ,a)49V angular distributions.
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Figure 1V.7

52Cr(p ,a)49V angular distributions.
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Figure 1IV.8

SZCr(p,a)49V angular distributions.
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TABLE IV.2
LEVELS OF 49V
.03 | ©.9” | t,09 [Cre,9)?| 0.9 | (@,pm® "
0.000 0.000 0.000 0.000 7/2_
0.091 0.091 0.090 0.092 0.091 0.091 5/2__
0.153 0.153 0.153 0.155 0.153 0.153 3/2+
0.748 0.752 0.750 0.747 0.748 3/2~
1.021 1.020 1.025 1.025 1.021 1.022 ll/2+
1.141 [1.148] 1.140 |[1.141 5/2"
1.154 : 1.155 1.155 9/2_
1.513 1.516 1.531(?) 1.514 1.515 5/2+
1.602 1.603 7/2"
1.644 1.643 (1/2+)
1.646 1.646 1.27
1.662 1.672 1.661 1.661 3/2
1.770(?)
1.796(7) +
1.995§ 1.999 1.996 1,995 3/2+
2.179 9/2
[2.181] 2.183 [2.189] [2.193] 2.183 7/2-
2.204 )
2.235 2.235 2.241 2.235 2.235 5/2_
2.263 15/2
[2.265] [2.263] | [2.266] 2.965 3/2—
2.279 )
2.308 2.306 2.314 2.317 2.309 2.310 9/2_
2.354 2.350 2.358 2.353 9/2+
[2.394] 2.388 |[2.388 5/2"
2.406 2.404 : 2.408 7/2
2.673 2.666 2.681 2.671 _
2.728 2.727 2.736 2.728 (15/2 )
2.741 )
2.786 2.786 (9/2,11/2)
2.811 2.812 2.808 2.811
2.861 2.861
3.020 3.017
3.1334
[3.133] | [3.136] |[3.132] | [3.137] 3.1337
3.152 _
3.241 3.241 3.248 3.248 3.237 7/2
3.259
3.305
3.330 3.332
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TABLE 1V. 2—Continued

.0 |9 | .| cte, 9| @9 | (@, 7"
3.346 | 3.347 | 3.345 3.342
3.391 | 3.398 | 3.388 | 3.401 3.390
3.479
3.499
3.525 | 3.534 _
3.612 | 3.609 211,27
3.624
3.639 | 3.649
g:ggz [3.685]
3.720 ra)
3.745 3.748 3.744 2(9/2M)°
3.757 | 3.763 3.757
3.795
3.825 3.816
3.838 3.840
3.882 | 3.886
3.910 3.914
3.934 3.929 | 3.922
3.965 | 3.975 | 3.976
4.004 4.005 | 4.012 4.006
4.048 | 4.042
4.064
4.098 | 4.090
4.135 4.127
4.149 4.152
4.165
4.209
4.224 |
4.253 4.250
4,268% | 4.277 | 4.280 ’
4.305
4.326
4.375 4.375 4.373
4,400 4.402
4.436 4.448(?)
4.470
4.501 4.511 | 4.502 4.498
4.538
4.588 4.588 | 4.587 4.590
4.599
4.628* 4.639
4.646 | 4.645




TABLE 1IV.2—Continued
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.0 | ®92| ©.0?| cre,9? | 0. @,om® 7"
4.662
4.680
4.755 4.743 )
4.797 > 11/2)°
4.830 4.848
4.863 4.852
4.885
4.949 4.959 | 4.945
4.988
5.101 5.018 | 5.017
5.134 5.130
5.204 5.216 | 5.212
5.282 5.285
5.347 5.355
5.375 | 5.370
5.387
5.411
6.446 7/2, T=5/2%
8. 945 1/2%, T=5/2%)
9.087 3/2%, T=5/29)

NOTE: Errors are +.003 MeV for states below 3 MeV, £.006 MeV
for states above 3 MeV, and *.025 MeV for the T=5/2 states

Qny . .
This experiment.

bReference Iv.11.

cReference v.12.

dReference IV.19.

eReference V. 16.

*
The peak is an ur}resolved doublet. Its width is too large to be

a single peak.

[ ] Energy corresponds to a known multiplet that cannot be

resolved.

(?) Placement is unsure.
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in the literature. The column of J™ values is a consensus of the litera
ture. Although most I” assignments are from the préirious work, our
results are consistent with those as signments. The assignments
explicitly made in this work are the tentative "high spin" assignments
and the Iﬂ,T assignments for the three analog states.

To begin the discussion of Table IV. 2, consider the columns
labeled (p,a) and (p,t). Beginning at the top of the (p,t) column and
working down, it is seen that the 0.748 MeV state is the first one not
seen in the (p,t) reaction. This is the 3/2+ state due to a proton hole
in the 0d3/2 orbit. The next level not observed in the (p,t) reaction is
the 1.141 MeV, 5/2+ state. Furthermore the 1.602 MeV, 7/2+ and
1.646 MeV, 1/2+ levels are not observed in the (p,t) data. All these
levels are seen in the (p,a) experiment. A summary of the levels seen
in the (p,a) data that are not in the (p,t) data is given in Table IV. 3.
Table IV.3 contains every known positive parity state in 49V except the
2.179 MeV, 9/2" which cannot be resolved from the 2.183 MeV, 7/2"
state. Furthermore there are no known negative parity levels in this
list. This comparison indicates that parity assignments can be made
with reasonable certainty by such a comparison.

Reversing the comparison shows that there afe levels seen in the
(p,t) experiment that a'—r'é not seen in the (p,a) spectra. The first of
these is the 1.661 MeV, 3/2 state. In addition, all the 5/2  levels
are so weak in the (p,a) reaction as to be virtually absent. If the (t,q)

results are included in the comparison, it is found that there are levels
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TABLE IV. 3
LEVELS SEEN IN °2Cr(p,) v THAT ARE NOT IN Sye, 4oy
Excitation Energy I”
1.748 3/2%
1.141 5/27F
1.602 72"
1.646 | 127
1.995 3/2"
2.388 5/2%

aReference V.11,

excited by the (t,a) reaction that are not in the (p,a) column. Some of
these levels are in both the (p,t) and (t,e) data, but not in the (p,a)
column. Behavior of this nature can only be explained by a microscopic
model which contains the coherent sum over all thé di-neutron cou-
plings and all the three nucleon configurations. Table IV.4 is a sum-
mary of the missing levels in the (p,a) data.

(a,py) research has resulted in a 15/2_ assignment for the levels
at 2.263 MeV and 2.728 MeV. Unfortunatély, 17/2_ and 19/2- levels
have not been found by gamma-ray spectroscopy. In the case of posi-
tive parity, the highest definite ]w assignment is 9/2+. The two 15/2—
levels are observed very_yveakly. The angular distributions are found
in Figure IV.6.

Although the high spin levels which are observed here have not

been previously reported in a-induced gamma-ray coincidence



LEVELS SEEN IN EITHER °1v(p,1)49v® oRr 59r(t,q) 2P

TABLE 1V.4

NOT OBSERVED IN °2Cr(p,a)4%

Excitation Energy

1.154%
1.662%
2.786%*
2.811%**
2.861%
3.020*
3.305*
3.479%
3.624%
3.720%*
3.825%
3.910*
4,048*%*
4,098%*
4.165%
4.209*
4.305%

aReference IvV.11.

bReference v.12,

*Seen in (p,t) data.

**Seen in (p,t) and (t,a) data.

(9/2, 11/2)
(5/2, 7/2)

(3/2, 7/2)"
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experiments, we can be reasonably sure that the 3.612 MeV level has
(-) parity and the 3.745 MeV state is a positive parity state. Neither
of these assignments is unambiguous'since the 3.612 MeV peak is too
broad at forward angles to be a single state and the 3.745 MeV level
has been reported in the (t,a) and (p,v) data, indicating a low spin
state at this energy. The parity of the 4.797 MeV level cannot be dis-
cussed since the (p,t) data does not extend to this excitation. Neithe
the 3.612 MeV state nor the 4.797 MeV state are particularly close to
the MBZ (IV.33) predictions for high spin negative parity states. The
predicted energies for 15/2  levels are 2.575 MeV, 3.544 MeV, 4.083
MeV, and 4.964 MeV. The predicted excitation for the first 15/2" ig
nearly 300 keV too high, while the second one is over-predicted by
about 800 keV. It is not surprising that our high spin candidates are
not near the MBZ predictions given the poor results for the known 15/2-
levels. The MBZ predictions for the two 19/2— levels with the largest

“triton" components are 4. 331 MeV and 5. 143 MeV.

D. j-Dependence

The striking j-dependence for £=1 transitions was not observed
in this experiment because the only known 1/2— level is obscured by
the 1/2+ proton hole st"afte. The 3/2 level at 0. 153 MeV excitation
does exhibit the usual featureless exponential fall-off,

Two 3/2+ and two 5/2+ states have been observed. The 5/2+

State at 2.386 MeV cannot be resolved sufficiently well to obtain its
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angular distribution. The three £ =2 angular distributions are shown in
Figure IV.9. The 3/2+ distributions have similar shapes. The 5/2+ is
rather featureless. There is no strong j-dependence in this case,
though the angular distributions are different. There is not enough
data to determine if the difference is due to j-dependence or is the
result of structure effects. Additional data in this mass region is
necessary to document the stability of the £=2 j-dependence.

The spin-orbit pair with £=3 is observed. Three 5/2 levels
are populated weakly. The cross section is less than 1pub/sr at many
points. The 0.091 MeV and 1.513 MeV levels were strong enough to
obtain angular distributions. The angular distributions for these two
levels appear to be different. The lowest 5/2- level in many nuclei in
this mass region is known to be primarily a seniority three proton state
(Iv.33, 1IV. 34) and, hence, should not be populated in this experiment.
Its weak population may indicate a more complicated reaction mecha-
nism. The angular distribution for the 0.091 MeV state is flat. The
angular distribution of the 1.513 MeV level is probably more repre-
sentative of a 5/2— angular distribution. 7/2- states are observed at
0.000 MeV, 3.241 MeV and y.446 MeV excitation. Figure IV.10 shows
all the £=3 angular distributions. The angular distribution for the
3.241 MeV level is very different from the other 7/2  levels. The 7/2
assignment for this state is unambiguous since it is based on the £ =0 |

angular distribution observed in the 51V(p,t)‘lgv reaction (IV.11). Either
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Figure 1IV.9

52Cr(p ,a)49V L=2 angular distributions.
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Figure 1IV. 10

SZCr(p , Q) 49V L=3 angular distributions.
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this is an unresolved doublet or this is a case where structure effects
can be as strong as j-dependence. If the abnormal éngular distributic
is heglected, the j-dependence appears to be manifested in the for-
ward angles. The 5/2- tends to go down as the angle decreases, whi]
the 7/2~ rises. Two other 7/2— states are also populated. Unfortu-
nately, they are members of close doublets.

Only one [ =4 transfer is resolved. This leads to the 7/2+ stat
at 1.602 MeV. The 9/2" level at 2,179 MeV may be populated, but
cannot be resolved from the 7/2  state at 2.183 MeV.

There are known 9/2_ and 11/2- levels in the first two MeV of
excitation. The 11/2— is observed, but there is no evidence for the
9/2" . Another 9/2  state located at 2.354 MeV is barely visible in
some spectra.

Both j-values that go with =7 have been previously identified.
The two known 15/2- states are weakly populated. The 13/2 level at
2.861 MeV is not seen in this experiment,

There have not been any previous spin assignments for states to
be reached by g = 6,8, or 9 transfers.

An alternation of strength is clearly evident for negative parity
states. For a given £-transfer, the j> member is the strongest. This
is in qualitative agreerﬁént with the structure factors presented in

Table II.4 and the calculated peak cross sections found in Table II.S.
In conclusion there appears to be some evidence for subtle

j-dependence in the £=2,3 transfers. This j-dependence may not
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be a very reliable tool in this mass region, since structure differences

may cause similar changes in the angular distributions.

E. DWBA Calculations—Cluster Form Factors

It has been shown that zero-range DWBA calculations can be
used to obtain reasonable fits to (p,a) angular distributions (see, for
example, References IV.22, 1IV.28, IV.36). In addition, finite range
effects have been found to produce only minor changes in the shapes of
the DWBA calculations (see Figure II.10). Mass-3 cluster form factors
have been used frequently for these calculations because they are easy
to generate. In addition, most researchers have found the radius and
diffuseness parameters of the bound state well to be useful variables.
These are usually varied to obtain the best overall fit to all the known
levels. A wide variety of these parameters have been used (see Refer-
ences IV.28, IV.36). Many different sets of a-particle optical poten-
tials have been tried also. These vary from shallow real wells of about
50 MeV depth to deep wells of 200 MeV depth. For the most part, the
choice of a-optical potential determines the values of the bound state
well parameters that will best fit the data.

A simple, consistent, method of generating reasonable calcula-
tions is needed. We have, therefore, set out to find a general proce-
dure that can be used to get first-order fits reliably.

Since angular momentum matching is a problem for the (p,a) reac-

tion, it seems reasonable to try the "well matching" procedure for
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choosing the optical potentials and the bound state parameters. This
procedure has been suggested by Dodd and Greider (IV.37) and by Stock
et al. (IV.38) for reactions that are poorly matched. The method has
been successfully applied to the (d,«) reaction (Iv.39).

The proton optical potentials were taken from Bechetti and
Greenlees second best set (IV.40). This is the set with a 1.22 fm.
radius parameter. The o-particle optical potential was taken to be a
set with roughly 200 MeV real well depth. The well matching proce-
dure requires that the radius and diffuseness of all the real potentials
be the same. a-scattering data of Fernandez and Blair (Iv.41) were
refit to find an optical potential that met the well matching requirement.
Since the a-elastic scattering could not be reproduced as well with a
radius parameter of 1,17 fm. as with the 1.22 fm. choice, the second
preferred proton set was taken. By this prescription the bound state
wavefunction should be calculated in a well with ry= 1.22 fm. and a
diffuseness of .72 fm. to agree with the other potentials. The well
depth should ideally be about 150 MeV. However, the depth was
allowed to vary to reproduce the triton separation energy. For the most
part the appropriate depth was between 120 MeV and 140 MeV. The
optical potentials are given in Table IV.5.

The fits that are obtained to the known energy levels using this
procedure are shown in Figure IV.11. In general they are satisfactory.

The forward angle behavior of the 7/2- calculation does not increase
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TABLE IV.5

OPTICAL POTENTIALSY

v 1”o a vso rso aso w roi ai st

Proton | 43.22(1.22|.72(-25.0(1.01{ .75| -5.0 1.321.52112.60
a [196.3411.22] .72 -15.72]11.76 .42

aVSO and Wgs include the factor of 4 necessary for using the code
DWUCK45.
as the angle decreases, but the data does. The dip in the 11/2_ cal-
culation comes at too small an angle. The "well matching" procedure
has also been used in studies of Te(p,o) and 44Ca(p,a)4lK with similar
results (see Reference IV.10 and Chapter V).

Most of the searching on the bound state that has been done by
other researchers has resulted in smaller diffuseness parameters than
were used above. If the diffuseness is decreased to .65 fm., the 7/2-
calculation has the correct forward angle behavior. In other words, the
forward angles are sensitive to the diffuseness. The fits obtained with
this choice are shown in Figure IV.12. Smaller diffuseness values
were also investigated. In general smaller values were found to pro-
duce more pronounced oscillations.

Sensitivity of this kind is a characteristic of reactions that suf-
fer from a severe anguléyxjmomentum mismatch. The semi-classical

matching value for the ground state Q-value is about six. The angular
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Figure IV.11

Cluster model DWBA calculations. The real well geometrical parame-
ters were r,= 1.22 fm. and a=.72 fm.
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Figure IV.12

Cluster model DWBA calculations. The real well geometrical parame-
ters were r,= 1.22 fm. and a=.65 fm.
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momentum characteristics of the DWBA have been discussed previously
in Chapter II. N

Angular momentum mismatch also implies that predicted strengths
can vary strongly with excitation energy. The higher the excitation
energy the lower the angular momentum matching value. In general,
the better the match the larger the cross section. Even though cluster
model calculations are not particularly useful when comparing the
strengths of individual transitions, their energy dependence is mean-
ingful. Figure IV.13 shows a comparison of DWBA calculations
assuming no excitation to a set calculated with 5 MeV excitation.
When calculating the excited levels it is important to make both the
Q-value and the binding energy more negative. No strong dependence
on excitation energy is observed, though there are some small changes
in predicted shapes. It is interesting to note that the change in shape
for the 7/2— forward angle behavior is similar to what is actually
observed for the 6.446 MeV state.

Iﬂ general the normalization of cluster model calculations to the
data does not yield a number which is easily related to nuclear wave-
functions. In certain cases, however, two states may be described by
the same p-n formalism wavefunction. These states differ in their iso-
spin quantum number. This is illustrated in Figure IV.14 for the 7/2

49 49

ground state of ~~V and the T=5/2, 7/2 state in = V. Since the

wavefunctions are the same, the spectroscopic factors are identical

and the ratio of the Ty normalization to the T, normalization becomes
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Figure IV.13

Q-value dependence of cluster model DWBA calculations.
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Figure 1IV. 14

Wavefunctions for analogs of 49V hole states.
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1/(2T+1) which is the ratio of the isospin Clebsch-Gordon coefficients
squared, where T is the isospin of the tafget. This‘ratio is independ-
ent of the form factor model since the microscopic wavefunctions are
the same. Since the Q-value dependence of the form factor is most
easily handled with the cluster model, we will use this model for the
comparison. For the 52Cr target, the expected ratio is .2, while the
ratio deduced from the fit to the 7/2 state at 6.446 MeV shown in
Figure IV.15 is 2.41. This kind of analysis cannot be applied to the
3/2+ and 1/2+ states, since the assumption of equal spectroscopic
factors is not valid as is illustrated in Figure IV.14.

A similar enhancement of analog states in the (p,d) reactions has
been observed (IV.43). The effect has been explained via coupled
channels calculations which may be approximated by using the same
well depth for the analog calculation as for the T< calculation and
allowing the bound state radius to vary to reproduce the correct binding
energy (IV.44). It remains to be seen if this approach will work for the

(p,a) reaction.

F. DWBA Calculations—Microscopic Form Factors

The cluster model is useful for studying the effects of optical
potentials and the bound state well shape. However, the relative
strengths of states are difficult to predict with such a model.

A microscopic model is necessary to predict the relative strengths

of states from shell model wavefunctions. Any microscopic form factor
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Figure IV. 15

Cluster model DWBA calculations for the T=5/2 states.
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will not have the shape flexibility that the cluster form factor has.
Therefore, it is necessary to choose the "well matched" doptical param-
eters, since they are the least sensitive to form factor shapes.

A microscopic model which uses single particle wavefunctions
generated in a Woods-Saxon well has been developed previously
(Chapter II). The two neutrons are coupled together to make a di-
neutron using the two nucleon form factor method of Bayman and Kallio
(Iv.35). The di-neutron is then treated as a mass two particle and
coupled to the proton to make a triton in a Os internal state by a modi-
fication of the two nucleon technique.

DWBA calculations using these form factors are shown in
Figure IV.16. The fits are comparable to the cluster fits shown in
Figure IV.12.

The calculation of strengths requires detailed spectroscopic
amplitudes from shell model wavefunctions. However, the hole states
may be described by simple seniority one transfers. We assume that
the two neutrons are coupled to zero angular momentum. The j-transfer
for the hole states is the proton total angular momentum. This assump-
tion makes the relative strengths for the 7/2 , 3/2+, and 1/2+ proton

0crd, 3ue) v

hole states the same as would be expected for the
reaction. The hole state relative spectroscopic factors are given in

Table IV.6. The agreement with the expected values is very good, thus

the simple seniority one assumption seems to be reasonable for these

states.
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Figure IV.16

Microscopic model DWBA calculations. The form factors were calcu-
lated for (0£7/2)3, (0£7/2)20d3/2, and (0£7,/2)21s1/2 configurations.
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TABLE IV.6

RELATIVE SPECTROSCOPIC FACTORS -

Excitation .
Energy ] Theory Measured
0.000 7/2 1.0 1.0%
0.748 3/2" 1.0 .84
1. 646 172" .5 .54

*Normalized to one. All other values relative to this.

The same ratios should be expected for the T=5/2 proton hole
states. Analysis similar to that given in the last paragraph shows that
the model does not work for these levels. The seniority one assump-
tion apparently is not a good one for these levels.

Although the angular \distributions of the high spin states may
not be reliably predicted, the microscopic model can be used to predict
the likelihood of observing a 19/2  level. Comparing the calculations
shows that the ground state prediction is 48 times stronger than the
19/2— at 12°, At 70° the 19/2_ is expected to be 6 times stronger than
the 7/2  seniority one transfer. Although these numbers may be off by
a factor of 2 or so, qualitatively this is what is observed for the level
at 4.797 MeV.

The peak cross sections from microscopic model calculations for
(0£7/2) 3 configurations have been given in Table II.5. A qualitative

feature of this table is that the j> member of a given [-transfer is
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always larger than the j< member. This is exactly the trend that was

notice for the negative parity states in the j-dependence di;cussion.

G. Conclusions

The proton hole states have been found to dominate the
52Cr(p,a/)‘lgv spectra at forward angles. This observation agrees with
others that have studied the (p,a) reaction in the fp-shell.

Many weak transitions are observed with average differential
~10pb/sr.

The (p,a) reaction has been shown to have some degree of selec-
tivity. A number of levels that are observed in 51V(p,t)49V were not
observed in the (p,a) spectra. Turning this comparison around has
proven to be a useful tool for finding positive parity states, none of
which appear in the (p,t) spectra.

Large peaks in the back angle spectra have been observed.
These states are candidates for high spin states. The likely spins
are 19/27, 15/27, or 15/2% for these levels.

Little evidence for j-dependence for £=2 and £ =3 transfers has
been found. If j-dependence exists, it is subtle and at a level that
structure effects can be equally important.

DWBA calculations using cluster form factors have been shown to
reproduce the shapes of the angular distributions of the known levels

reasonably well.
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DWBA calculations for the T=5/2 proton hole states are unable
to reproduce the ratio of T=5/2 strength to T= 3/2 st?ength expected
by analogy to single nucleon transfer. All the T=5/2 strengths are
too large.

Microscopic form factors have been tested. DWBA calculations
using these form factors have been shown to reproduce the shapes of
the angular distributions with quality slightly inferior to the cluster
model fits. Relative spectroscopic factors for the T= 3/2 proton hole
states have been derived from the microscopic calculations and are
found to be in agreement with assuming seniority one wavefunctions.
However, similar calculations for the T=5/2 proton hole states do not
work.

Finally a qualitative feature of j-dependent strength is observed
in the data. The j> member of the =1, 3, 5 transfers is always
observed to be stronger than the j< member. The microscopic model
based on (0’1’7/2)3 pure configurations also reproduces this qualitative

effect.
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CHAPTER V
THE 44Ca (p,af)41K REACTION

A. Introduction

The (p,a) reaction has been used to locate proton hole states in
nuclei that cannot be reached by proton pick-up (V.1, V.2). For many
targets it is possible to extract meaningful proton hole spectroscopic
factors by assuming that these states are populated primarily by the
pick-up of a zero coupled neutron pair and a proton. Relative spectro-
scopic factors calculated by this method have been shown to agree
with the values obtained from the (d,3He) or (t,a) reactions for the
52Cr(p,ar)‘lgv and the 9ZZr(p,a)89Y reactions (Chapter IV and Refer-
ence V.3). Smits et al. (V.4, V.5) have found that this "spectator
model," which néglects coherent sums over three nucleon configura-
tions and the di-neutron angular momentum, does not adequately
describe the cross sections that are observed in Sn(p, @) reactions.

Previous (p,a) hole state analysis has been done on nuclei where
the hole strength is concentrated in one state. A logical extension of
"spectator model" analyéi‘s is to study a nucleus where proton pick-up
has shown that the hole strength is divided among a number of states.

If the zero coupled pair assumption is reasonable, the relative cross
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sections of the fractions and the relative total spectroscopic factors
observed in the (p,a) reaction will agree with the results of the
(d,3He) and (t,a) reactions.

A recent survey of the (d, 3He) reaction on the Ca isotopes (V. 6)
has shown that the 1s1/2 proton hole strength is divided into three
states in 41K. The 0d5/2 strength was found to be split among many
levels. Thus the 44Ca(p,oz)‘“K reaction is a good reaction to test the
"spectator model." Work on the 42Ca (p,a)39K reaction by Falk (V.7)
produced good agreement for the ratio of the 1s 1/2 spectroscopic fac-
tor to the 0d3/2 spectroscopic factor, deduced assuming a (0f7/2)02
neutron configuration, with 40Ca(d, 3He)39K results (V.8). Although
this is an encouraging result, Falk also found that the 0d5/2 proton
hole strength was four to five times too large.

The beauty of the spectator model is its simplicity. However,
because of this simplicity, it can be successful only for those few
states which have large proton hole amplitudes in their wavefunction,
In general, most states observed in the (p,a) reaction are not of this
type. Microscopic models have been developed recently to describe
these more complicated transitions (Chapter II, References V.5 and
V.9). For sd-shell targets where complete shell model wavefunctions
exist, it is possible to perform the completely coherent calculations

(Chapter VI, Reference V.9). For most of the rest of the chart of the

nucleides, it is necessary to settle for qualitative agreement with pure
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configuration calculations as has been done with the SZCr(p,a)49V
reaction in Chapter IV. To date only neutrons from the same shell
have been considered. The low lying 7/2_ state in 4‘lK provides a
testing ground for mixed neutron configurations, since it can be popu-
lated directly by (0d3/2 0£7/2)0d3/2 pick-up. 2p-2h excitations in
the 44Ca ground state protons provide another process for making
7/2 final states. The strength of the 7/2 state in the
44Ca(d,3He)43K reaction indicates that the 0f7/2 proton spectro-
scopic factor is approximately .85 (V.6). If the (p,a) spectroscopic
factor relative to the total (0d3/2+ 1s1/2) spectroscopic factor, cal-
culated assuming a spectator model, differs from (.85/5.15) =.165,
the discrepancy will be a measure of the mixed shell pick-up.

Finally, it is worth noting that very few j” assignments have
been made for 41K. A number of 3/2+ and 5/2+ final states should be
populated, thereby testing the 1=2 j-dependence. The j-dependence
of the (p,a) reaction may turn out to be useful for making low-spin

assignments.

B. Experimental Method and Data

A beam of 35 MeV protons was accelerated in the MSU cyclotron
and directed to a target of isotopically enriched 44Ca. The reaction
products were momentum a;x;alyzed in an Enge split-pole spectrograph.
The particies were detected with the delay line counter developed by

Markham and Robertson (V.10). Position and energy loss information
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were taken from this counter. Particle time-of-flight relative to the
cyclotron r.f. structure was'obtained from a plastic scintillator placed
behind the delay line counter. The o-particles were cleanly identified
by their energy loss and time-of-flight. On the average, the energy
resolution obtained from this system was 20 keV FWHM.

The target was made by reducing 4LICaCO:)) with Zr and simul-
taneously evaporating the liberated metal. The evaporant was caught
ona 20 pg/cm2 carbon foil. The target thickness was found to be
85 pg/cm2 by comparison of 35 MeV proton elastic scattering to opti-
cal model calculations using the Bechetti and Greenlees global proton
parameters (V.11).

Because of the thin target and small cross sections, a large
solid angle and high beam current were necessary. The solid angle
was 1.2 msr. and the typical beam current was 2.5 pA.

The spectrum taken at 12 degrees is shown in Figure V.1, The
three large peaks are the 3/2+ ground state, the 1/2+ state at
0.980 MeV, and a state at 3.520 MeV which is probably a 5/2+ state.

The angular distributions are given in Figures V.2, V.3, and
V.4. The angular distribution for the .980 MeV level displays the
deep minima which are typical of a 1/2+ transfer. The angular distri-
butions for the 1.590 MeV and 3.758 MeV peaks, which have been
assigned to bé 1/2+ in the (d,3He) work, also have this shape. In

addition, a new candidate for 1/2+ assignment is found at 3.063 MeV,

although the oscillatory structure is somewhat washed out.
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Figure V.1.

The 44Ca(p,a)41K spectrum at 12 degrees.
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Figure V.2

44Ca(p, a)4 lK angular distributions.
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_

Figure V.3

44Ca(p,a)4lK angular distributions.
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Figure V.4

44Ca (p, a)4 1K angular distributions.
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Most of the 0d3/2 proton hole strength is in the ground state.
Other possible 3/2+ assignments based on their angular distributions
are found at 1.559 MeV, 2.144 MeV, 2.500 MeV, 3.250 MeV,
4.053 MeV, and 4.446 MeV. Two of these levels have been reported
in other experiments. The 2,144 MeV state has been observed in
40K(n,‘y)41K work (V.12). A 5/2+ assignment is favored on the basis
of the v-decays of this level. A level populated with an £=1 transfer
is observed at 4.444 MeV in the 40Ar(3He,d)41K reaction (V.13). If
the level at 4.446 MeV is the same state, then it must be a 3/2
level, since the angular distribution does not have the oscillatory
r;;ure of a 1/2 transfer. Since 3/2 and 3/2+ angular distributions
are expected to have similar angular distributions at this excitation, it
is not possible to distinguish between them. In addition, the
2.706 MeV level has been reported to have an £ =2 angular distribu-
tion in the 40Ar(SHe,d)‘uK experiment., Its angular distribution does
not look like either the 3/2+ ground state or the 5/2+, 3.520 MeV
state.

The 0d5/2 strength is largely contained in the 3.520 MeV state.
Other 5/2+ shapes are seen at 2.758 MeV and 3.850 MeV.

The £=2 j-dependence is well defined for this target. The j-
dependence, which is not as obvious as that of the £=1 j-

dependence, is a small forward angle effect. This type of small-

angle j-dependence has been reported previously by Glenn et al.
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(v.14). The 5/2+ angular distribution shows a distinct dip as the
angle is decreased, a peak at about 14 degrees, and a flat Shoulder,
while the 3/2+ displays a smooth rounded fall-off as the angle
increases. The j-dependence for £ =2 is illustrated in Figure V.5.

The maximum spin that can be made from (0f7/2)20d3/2 is 15/2.
A 15/2+ tentative assignment has been made from the results of a
(HI,xn,yp,2a,...,Y) experiment at 3.897 MeV (V.15). There is no
evidence for a peak at this excitation in the (p,a) spectra. A tenta-
tive 19/2_ assignment has been made on the basis of results of the
same experiment at 4.986 MeV. This level can be populated in the

NS

(p,o) reaction if there is a 2p-2h .component of the 44Ca ground state.
A peak at this energy is observed. Its angular distribution is reason-
ably flat as would be expected for a high spin state. There is another
angular distribution that is associated with a peak at 4.854 MeV that
is nearly identical to the angular distribution of the 4.986 MeV level.
The largest peak in the back angle spectra is a doublet located at
4,34 MeV. It is likely that at least one of these states has a spin
greater than 11/2. Unfortunately, the data for the high spin states is
not definitive because the because the density of states in this region
is so high and empirical shapes for large angular momentum transfers
are not known. "

The only negative parity state that can be definitely identified

in the low excitation spectra is the 1.294 MeV 7/2 state. It is pos-

sible that the 4.446 MeV state is a 3/2 state.
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Figure V.5

44Ca(p,a)41K L =2 angular distributions.
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In order to look for the T=5/2 proton hole states, the spectro-
graph field was adjusted so that the excitation region fro’fﬁ 6 MeV to
10 MeV fell on the counter. A spectrum of this region is shown in
Figure V.6. The three strong peaks are the 7/2— analog of the 41Ar
ground state and the 3/2+ and 1/2+, T=5/2 proton hole states. This
data suggests that the 1.03 MeV state in 41Ar should be assigned
j”= 3/2+. The angular distributions for these levels are found in
Figure vV.4.

A summary of the levels observed in this experiment and others
is given in Table V.1. The jﬂ values which are given in () in the

(p,a) column are assignments made on the basis of the (p,a) data.

C. DWBA Calculations—Cluster Form Factors

Cluster model calculations have been used frequently because
they are easily generated and because they can reproduce the shapes
of many angular distributions. This type of calculation is especially
useful for studying j-dependence and the effects of different optical
potentials. Furthermore, continued study of cluster form factor
parameters is desirable because of the wide range of choices that are
found in the literature (see Chapter IV for a discussion of thisg point) .

Because of the consistent success of the well-matching proce-
dure for (p,a) reaction calculations , the 44Ca a-elastic scattering
data of Fernandez and Blair (V. 16) were refit to obtain an optical

potential with real well parameters: V=200 MeV, r = 1.22 fm.,
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Figure V.6

T=5/2 proton hole states in 41K.
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a=.72 fm. The choice of proton parameters was determined by the
success in fitting the o-elastic scattering data. -Since the o-
scattering was fit better by the choice r = 1.22 fm. than r = 1.17 fm.,
the ro= 1.22 fm. Bechetti and Greenlees proton parameters were used
(V.10). Given these choices, the bound state well should be chosen
so that ro= 1.22 fm., a=.72 fm., and V=150 MeV. However, the
well depth was allowed to vary to get the correct triton separation
energy. For the most part, the depth was near 130 MeV. The fits to
the data were not particularly good for the forward angles for this set
of parameters. Since it was found that reducing the value of the dif-
fuseness parameter slightly produced better fits to the 52Cr(p,a)‘lgv
data (see Chapter IV), this was tried here. The best fit was found to
occur for a=.55 fm., which is quite a bit smaller than was found to
be necessary previously for the SZCr(p,a)49V reaction. The calcula-
tions are compared to the data in Figure V.7. The optical potentials

are given in Table V.2.

TABLE V.2

OPTICAL POTENTIALS

* *
\Y ro a VSo rSo aso W rI aI WD

p -43.2 1.22 .72 "-25.0 1.06 .68 -5.0 1.32 .57 12.2
-206.2 1.22 .72 -16.0 1.64 .57

*Values for Vg4, and WD include the factor of 4 required by
DWUCK72 (V.17).
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Figure V.7

DWBA calculations for the 44Ca (p,a)41K reaction using cluster form
factors.
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The £=2 j-dependence is predicted properly by the calcula-
tions; however, the fits to the 1/2+ states are poor. It ha;é’ not been
possible to fit the 1/2" and the 3/2" and 5/2" angular distributions
simultaneously.

In general the normalization of the cluster model is not easily
related to nuclear wavefunctions. If, however, two states have the
same wavefunction in a p-n formalism, then the ratio of normaliza-
tions is independent of spectroscopic factors and reduces to 1/(2T+1).
This has been discussed previously for the ground state of 49V and
the T=5/2, 7/2 state in 49V that are observed in the SZCr(p,a)49V
reaction (see Chapter IV). DWBA cluster model calculations where the
well depth is allowed to vary to get the correct triton binding energy
gave the analog state normalization to about 12.5 times too large for

49V.

The two 7/2 states observed in 41K in the 4A"Ca(p,oz)l'l‘lK are
not related as those observed in 49V. They are, however, related by
being an analog-anti-analog pair for the 41Ar ground state. This
relation is illustrated in Figure' V.8. If we assume that there is no
mixed shell pick-up (see the section on microscopic calculations),

the second term will not be involved and the ratio of spectroscopic

factors using any form facto'z;/model should be
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Figure V.8

Wavefunctions for analog states in the mass 41 system,
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The expected ratio of the normalizations, given these assump-

tions, will be

N> cis,, 1

N¢ ~ cfsc ~ 2T+1

3 _
4 = -15.

The ratio deduced from the fits shown in Figure V.9 is 1, 92 which is
12.8 times the expected value. Once again the analog state is
anomolously large with nearly the same enhancement that was

observed in the 52Cr(p,a/)49V reaction.

D, DWBA Calculations—Microscopic Form Factors

The microscopic form factors were generated by the prescription
given in Chapter II. (Of7/2)20d3/2, (0f7/2)zls 1/2, (0f7/2)20d5/2
pure configurations were assumed for the fragments of the sd-shell
hole states. The fits that were obtained are shown in Figure V. 10.
In general they are not as satisfactory as the cluster model shapes.
The calculations have been normalized to minimize xz.

Relative spectroscopic factors assuming a "spectator model"
for the sd-shell hole states are given in Table V. 3. The table has
been normalized so that the total 0d43/2 spectroscopic factor is 1.0.
For a zero order shell model assumption, the total 1s1/2 spectro-
scopic factor should be .5 and the total 045/2 spectroscopic factor
should be 1.5. The fféétions are markedly different from the results
obtained by the (d,3He) reaction. The 3/2+ strength is found to be

divided in the (p,a) data, though most of it is in the ground state.
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Figure V.9

DWBA calculations for the two 7/ 2" levels observed in the
44Ca(p, a)41K reaction using cluster form factors.
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Figure V.10

DWBA calculations for 44Ca (p,a')41K reaction using microscopic
form factors.
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TABLE V.3

RELATIVE PROTON HOLE SPECTROSCOPI_C?FAC;I‘ORS

Excitation . 2 a) 3 b)
Energy I Relative C™S (d, "He)
0.000 3/2" .69 1.0
0.980 1/2% .35 .22
1.559 3/2% 11 .05%)
1.590 1/2% .12 .05€)
2.144 3/2% .08
2.500 3/2% .03
2.673 1/2% .05 .19
2.758 5/2% .32
3.063 1/2% .05
3.250 3/2% .10
3.520 5/2% 1.13 .24
3.807 5/2% .10
3.850 5/2% .06

®Normalized so that )(3/2%) = 1.0.
bFrom Reference v.6.

cNot resolved.

Some of the weaker 3/2+ levels may be seniority three couplings. The
1s1/2 strength is primarily located in the 0.980 MeV state in the (p.a)
data, but is nearly equally divided with‘the 2.673 MeV state in the
(d,3He) results. The grossest difference is in the 5/2+ levels where
70 percent of the 0d5/2 strength is found in the 3.520 MeV level in
the (p,a) data. The (d’3H€) data does not have a single strong 5/2+
transition. The authors choose to call all levels above 2 MeV 5/2+

levels with small spectroscopic factors in that study.
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If all the levels of the same j” in Table V.3 are totaled, the
results shown in Table V.4 are obtained. The agre_ement;with a zero

order shell model is fortuitous given the quality of the fits.

TABLE V.4

TOTAL SPECTROSCOPIC FACTORS

Zero Order

Hole Total Shell Model
0d3/2 1.07 1.0
1s1/2 .57 .5
0d5,/2 1.61 1.5

*Normalized to 1.0.

Calculations for the 1.294 MeV 7/2_ state were performed for
the configurations: (0f7/2 0d43/2)0d3/2 and (Of7/2)3. The proton
occupation number for the 0f7/2 shell in 44Ca has been deduced from

4

the 4 Ca(d, 3He)43K reaction to be .85. Therefore the occupation of

the (1s1/2 +0d3/2) orbits is 5.15 and the spectroscopic factor relative
to the total (1s1/2+0d3/2) strength should be . 165 for the (Of7/2)3
configuration. A difference from this number would indicate a need
for the mixed neutron configuration. The number which we get is

. 157 which is consistent with the (d,SHe) result. There does not

appear to be a need for a mixed neutron configuration for this transfer.

This also implies that the relative spectroscopic factor of the 0d45/2
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hole states should be larger than 1.5 since the 0d3/2 occupation is

less than 4. The result shown in Table V.4 is in fact lz;rger than 1.5.

E., Conclusions

The 44Ca(p,a)‘llK reaction has been found to strongly populate

the sd-shell proton hole states that have been observed in previous
42Ca(d,3He)41K work. Fragments of 1s1/2, 0d3/2, and 0d5/2 holes
have been identified. A number of new states have been identified as
parts of the 0d5/2 proton hole structure. The largest of these frag-
ments is located at an excitation energy of 3.520 MeV.

In addition to the positive parity states, the 7/2 state at
1.294 MeV is populated with about the same relative strength as seen
in the (d,3He) spectrum,

A comparison of the 3/2+ and 5/2+ angular distributions shows
that there is a definable j-dependence for this target. This j-
dependence has made it possible to make 3/2+ and 5/2+ assignments
to a number of levels below 4 MeV of excitation.

Three T=5/2 states with probablé spins of 7/2 , 3/2+, and
1/2+ have been identified. These are the analogs of the neutron hole
states in 41Ar.

DWBA calculations have been performed using mass three
cluster form factors. The best fit has been found with the bound state

parameters r,= 1.22 fm. and a=.55 fm. The /=2 j-dependence

which is observed is predicted by these calculations.
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DWBA calculations using microscopic form factors and pure
configurations have also been performed. The fits tG the data are not
as good as the cluster model calculations. The normalization of the
theory to the data indicates that relative spectroscopic factors for the
1/s1/2 and 0d5/2 fragments are quite different from those deduced
from 42Ca(d,?’H_e)‘uK. This indicates a need to carefully include the
coherence in the di-neutron coupling. The relative total spectro-
scopic factors are, however, consistent with the (d,BHe) result. The
spectroscopic factor for the 7/2— state, deduced by assuming a
(0f7/2)3 pick-up, relative to the total (1s1/2+0d3/2) spectroscopic

44Ca a, 3He) 43K reaction,

factor is consistent with the results of the
There does not appear to be a need to include a (0d3/2 0£7/2)0d3/2

pick-up for this transition.
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CHAPTER VI
SUMMARY

The features of the (p,a) reaction have been investigated from
both a theoretical view and an experimental approach. Neither is
complete and many aspects and implications need to be pursued in
future work.

The theoretical side of the work has been directed toward
developing a microscopic model for calculating angular distributions
from detailed shell model wavefunctions. A microscopic form factor
model which uses harmonic oscillator wavefunctions has been pre-
sented. This model, which is similar to one used previously by other
researchers, has the advantages of being analytic and easily general-
izable to multi-nucleon transfer with heavy ion beams. The oscilla-
tor has the disadvantage of not being realistic in the nuclear surface
region. A microscopic form factor model which uses single particle
wavefunctions generated in a Woods-Saxon well has been developed
from a generalization of the popular Bayman and Kallio technique for
calculating two nucleon form}'iiéactors . This method has the advantage

of being realistic in the nuclear surface region, but is restricted to

203



204
those reactions where the transferred particles are in a 0S state of ’
internal motion. B -

A method for deriving spectroscopic amplitudes for the (p,a)
reaction in terms of two nucleon reduced matrix elements and single
nucleon reduced matrix elements has been presented. This method
has the advantage of using the output of already existing shell model
codes. It has the disadvantages of not being exact and not having
simple sum rules.

The motion of the nuclear center of mass in a fixed center
potential has been investigated for the harmonic oscillator model. It
has been found that this motion can be approximated by a multiplica-
tive factor introduced into the form factor. Even though the analysis
cannot be carried out in a Woods-Saxon potential, it is reasonable to
assume that the correction is similar to the harmonic oscillator result.

Part of the theoretical side of the investigation has concerned
itself with the aspects of the DWBA for the (p,a) reaction. The angu-
lar momentum mismatch has been found to be severe. The effects of
the mismatch are minimized by choosing "well matched" optical
parameters. In the process of investigating the angular momentum
dependence of the DWBA a brief excursion into the source of j-
dependence in nuclear geactions has been taken. No conclusion can
be drawn about j-dependence. Further investigation into this ques-

tion is needed.
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The experimental part of this thesis has been directed toward
discovering the features of the (p,a) data. These features;may be
summarized as follows:

Proton hole states are strongly populated.

Many seniority three transfers are observed.

Many states that appear in the (p,a) spectra are not observed
in (p,t) spectra or (t,a) spectra and vice versa indicating that coher-
ence is important in the (p,a) reaction.

There may be j-dependence for L=2 transfers, but this depend-
ence is not consistent from target to target.

Candidates for high spin states are observed in back angle
spectra.

Analog states are observed in the (p,a) spectra. These are the
analogs of the neutron hole states in the neighboring nucleus.

DWBA calculations using cluster form factors have been found
to be capable of reproducing the data if the well matched optical
parameters are used and the diffuseness of the bound state well are
reduced slightly.

DWBA calculations using microscopic form factors based on
pure configuration wavefunctions are moderately successful in fitting
the shapes of the angular distributions. The spectroscopic factors
derived from these calculations have the correct behavior for the

5

proton hole states observed in the 2Cr(p,af)‘lgv reaction. The
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agreement for the proton hole states found in the ~ Ca(p,a) reac- -

tion is more limited.
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APPENDIX I

ELEMENTS OF NUCLEAR PHYSICS FOR

NON-TECHNICAL PEOPLE

The desk beneath my elbow is a hard object, yet it is mostly
empty space. With a powerful enough microscope it is possible to
see that this surface is really a large number of small fuzzy balls that
bind together to form what we know as wood. These fuzzy balls are
the basic building blocks of matter. They are the individual atoms of
hydrogen, carbon, sulfur, iron, and numeroﬁs other elements that
make up wood fiber.

Unfortunately, there are not any microscopes which allow us to
look at the individual atoms in enough detail to see what they are
made of. To answer this question, it is necessary to rely on evi-
dence which is not nearly as direct as a picture of atoms.

An early picture of atomic structure comes from the famous
experiment shown in Figure A.I.1. In this experiment o-particles,
which are the result of the radioactive decay of radium, hit the thin
gold foil. Most of them pasé through and strike the forward scintil-
lator. A scintillator is a material that glows when it is struck by

a-particles.  Small bursts of light indicate that o-particles are
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5‘—'//17,‘//41 L‘or\S

Figure A.I.1

A sketch of the famous Rutherford experiment.
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striking the scintillator. When the experiment was done, it was
found that bursts of light were seen in the backward."dire;c'tion also.
This could only occur if the projectile had struck something solid and
massive,

From such evidence it was concluded that atoms have a small,
hard core, which is called the nucleus. More refined experiments
have shown that the nucleus is about one onehundredmillionth of the
atomic size. It contains almost all the mass of the atom. The
resulting picture is a small, positively charged hard core surrounded
by a diffuse cloud of negative charge.

Atomic physics and chemistry are the branches of science that
are concerned with the properties of atoms and the cloud of electrons
that make up the ball of negative charge. It is the goal of nuclear
physics to learn about the properties of the nucleus itself. This dis-
sertation concerns itself with some details which should add to our
understanding of nuclear phenomena.

Here are some of the questions that neéd to be answered in our
quest toward understanding the nucleus:

1. What are nuclei made of?

2. Why do some of them decay, emitting radiation, when
they do ?

3. What holds nuclei together?

4. What happens when a projectile strikes a nucleus ?
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5. What shape is a nucleus?

6. How can we probe the nucleus to answer these questions ?

The last question was the first to be answered. There are many
known ways to probe the nucleus and there may be more which have
not been invented yet. The experiment that has already been dis-
cussed contains an answer. To probe a nucleus you must hit it with
a small fast projectile, such as an a-particle from a radioactive
éource. Unfortunately, radioactive sources do not emit fast enough
particles to céuse anything to happen other than scattering like bil-
liard balls. To determine the constituent parts of the nucleus it is
necessary to break it apart in a controlled Way. So accelerators were
invented to accelerate light particles such as hydrogen nuclei (pro-
tons) and helium nuclei (e-particles). In these accelerators the
electrons are ripped from hydrogen or helium gas by an electric dis-
charge. Then the free nuclei are accelerated toward a negatively
charged piece of metal. There are a number of designs that do this.
Later I shall describe how a cyclotron a'ccomplishes'the acceleration.

Early experiments showed that the nucleus was made of two
types of matter. One type carries a positive charge. The other is
neutral. Both particles have almost the same mass. We believe the
answer to the first question’is probably answered. Nuclei are made
of protons and neutrons.

There are only partial answers to the other questions.
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It is the fourth question that I have been working on during this .
project. It is this question to which the remainder of thi;s part is
addressed.

Today there are three basic pictures of nuclear reactions.

The first type of scattering is shape elastic scattering. This is
the case where nothing happens. The projectile bounces off the target
nucleus without causing any change in the state of the nucleus. This
is the same thing that happens when two billiard balls collide.

The second picture is the compound nucleus view. In this
instance, imagine that the projectile is absorbed by the target
nucleus to form a new nucleus. A very short time later this nucleus
comes apart at the seams and emits other particles which the experi-~
menter detects. This model is illustrated in Figure A.1.2.

The third reaction model is called the direct reaction. In this
Picture the projectile makes a close pass, or grazing collision, with
the target nucleus. As it pPasses by, a few protons or neutrons may be
transferred, or the target nucleus may be made to vibrate or spin,
without an intermediate nucleus being formed. Figure A.I.3 is a
schematic of the direct reaction where x represents a cluster of
nucleons which the projectile picks up as it passes by.

How do we know which type of reraction occurred ?

The answer is that we do not. In fact, there is often a great
deal of controversy over this point in nuclear physics literature. In

general, one usually argues in the following way. If a compound
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nucleus is formed, it may fly apaft in an? direction. In this case,
there will be lots of particles emitted in the backward directions. On
the other hand, in the direct reaction the target nucleus :is jt?ét barely
grazed, SO the reaction products should go primarily forward.

The research presented in this study isona direct reaction.
Various target nuclei have been bombarded with protons. These pro-
tons have picked up two neutrons and a proton from the target to make
an o-particle as the out-going particle to be detected.

There are two questions which you should ask at this point.
Why do this? What can be learned from nuclear reactions ?

The answers lie in trying to find out whether question three can
be answered using reactions as a tool.

The ideal way to answer the third question would be to bounce
protons off of protons and neutrons individually to determine the
forces between them. One could use these forces to predict the prop-
erties of nuclei. This has been tried with little success. Yet we are
still interested in describing and predicting the properties of nuclei.
So models have been invented that describe nuclei. One of these
models is called a shell model. You can think of it in the following
way.

Imagine that you aré at the pottom of a well which has shelves

on the walls above you. You have twelve pballs with you which you

may throw up. 1f you throw one up and it stays on a shelf, the system
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of twelve balls has gained some potential energy. This is called an
excited state of the system. It will subsequently"lose;this energy to
heat radiation when the ball falls back to the bottom of the well,
Experimentally, it has been observed that nuclei behave in this way.
The twelve balls represent a carbon nucleus. The normal state of
carbon is when all the balls are at the bottom of the well. However,
it is observed that a reaction that results in the production of carbon
produces excited states. This is analogous to having one or more of
the balls on the shelves. Sometime later the nuclear excited state
decays, emitting y-radiation in the process.

It is the job of the shell model to predict how many excited
states a nucleus has, the energies of these states, the probability
that they will decay in a particular way, and a number of other prop-
erties including the chances of making any given excited state with a
direct reaction. In other words . this model should predict the results
of the work presented in this thesis.

The reason for studying direct reactions is to test the validity

of the shell model.

A Simple Nuclear Experiment

The basic parts of a nuclear experiment are an accelerator, a
transport system, a target, and a detector. The accelerator produces
the beam of projectiles that are to be used to bombard the target. The

transport system serves the purpose of carrying the beam from the
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accelerator to the target and also determines the velocity of the beam.
The detector analyzes the fragments that result from the reaction. In

this section each of these components will be briefly described.

A Cvclotron—the Accelerator

A schematic top view of a cyclotron is shown in Figure A,1.4.
Positive ions, usually hydrogen or helium nuclei, are produced in the
ion source in the center of the cyclotron. Figure A.1.5 is a sketch of
an ion source. A high current (about 400 amps) runs through the U-
shaped tungsten filament. The filament becomes hot, just as the
tungsten filaments in incandescent light bulbs do, and emits elec-
trons. At the bottom of the cavity, which is filled with the gas that
is to be ionized, is a block of tungsten which is at a high voltage
compared to the filament. The high voltage causes the electrons to
speed up. As they pass through the gas the accelerated electrons
strike the gas atoms and knock off electrons. The result is that some
atoms will not have any electrons. If the edge of the DEE which is
just outside the ion source is negatively charged, the positive ions
will be pulled out of the ion source through the hole in the side.

In the last paragraph we have already talked about the basic
principle of all accelerators. Ions are accelerated when they are in a
region of space where thei':e is a high voltage. In other words, posi-
tive ions are accelerated toward a negative charge. The simplest

possible accelerator is illustrated in Figure A.I1.6.
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It is hard to make a high enough voltage across a single gap to-
accelerate the ions to high enough energies. 1In thé ca;é of the
research that is presented in this book, the voltage would have to be
35 million volts. In practice, it is practical to achieve 100,000
volts if there is good vacuum. The best way to attain high energies
is to have many accelerations which add up. For example, the
acceleration caused by 35 million volts can be attained by 350
100,000 volt accelerations.

This brings us to the second principle of cyclotrons. A charged
particle that is moving between the pole tips of a magnet will follow a
circular path. So now you can visualize how the machine works.
First the ions are pulled through the hole in the side of the ion source
by a negatively charged DEE. The DEE is hollow and between the
pole tips of a magnet so the ions move in a circular path inside the
DEE (see Figure A.I1.4). After half a circle they return to the gap
between the DEEs. When they get there the alternating voltage
source which is attached to the DEEs has reversed and given the
opposite DEE the negative charge. Thus the ions are accelerated
across the gap again. Again they drift in a circle inside the DEE,
and once again they are accelerated across the gap between the
DEEs. In our cyclotron a{MSU the ions make about 210 turns or

420 gap crossings and accelerations.
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Each revolution the ions move a little faster in an orbit with a

little larger radius. When they have spiraled to the outside edge of
the machine, it is necessary to get them out of the machine. This
means they must be deflected from their circular orbit. In many
cyclotrons this is accomplished by placing a negatively charged
plate near the outside orbit and pulling the particle out of the orbit.
In the MSU cyclotron even fancier things are done to obtain a better

beam outside the cyclotron.

The Transport System

A layout of the current status of the MSU cyclotron lab is shown
in Figure A.1.7. There are a number of experimental setups available.
This section deals with what must be done to get the beam from the
cyclotron to one of these experimental areas.

This is really the simplest part of the system. We need only to
apply the principle that charged particles follow curved orbits in a
magnetic field. So every time the direction of the beam has to be
changed, we pass it between the poles of a magnet. The magnets
marked M3, M4, and M5 on Figure A,1.7 may be adjusted to send the
beam whichever direction is desired.

While doing the accglerating and transporting of the beam, it is
important to keep the beam in a high vacuum. Even a little air will

result in a loss of beam because of collisions with the gas atoms.
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Besides transporting the beam to the experiment, the beam _liné ,
may be used to define the beam energy. Consider the d;’égram in
Figure A,I1.8. The beam enters the magnet with some particles
moving faster than others. The higher energy particles bend less than
the low energy ones causing the beam to be spread out \;vhen it leaves
the magnet. A set of metal jaws which only allow the central portion
of the beam to pass through can then be used to define the spread in

the energy.

The Target

There are two important qualities that a target must have. It
must be pure and thin.

The purity requirement is different than just the ;dea of chemi-
cal purity. In this instance, isotopic purity is required. For exam-
ple, the chromium found in nature is a mixture of four isotopes all of
which have 24 protons but 26, 28, 29, or 30 neutrons. Although they
are chemically the same, their nuclear properties are different.

The thinness is important since even these fast particles are
greatly slowed down as they pass through any matter. They will go
through only about 1/16 inch of brass. Good targets are only a
couple hundred atomic layers thick. You can often see through them.

To make these thin ;a”lrgets the material must be made hot
enough to melt and evaporate. A glass slide that has been coated

with a water soluble salt may be placed above the hot metal so that
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Bending magnet and slits for beam energy definition.
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the evaporating metal condenses on the slide. If the slide is slowly
immersed in water at a later time, the soluble salt will dissolve
leaving the target material floating on the surface. A metal slide with
a hole in it may be used to pick up the floating foil in such a way that
it is stretched across the hole.
The experimenter should put the beam through the hole in the

target frame, thereby hitting the target foil only.

The Detector

The detector must be capable of giving three pieces of informa-
tion. It must tell you what kind of particle has been seen, how much
energy the particle had, and in what direction the particle was
emitted from the target.

The detector used in this experiment is a rather complicated
beast called a spectrograph. It works on the principle that fast parti-
cles bend less than slow ones in a magnetic field. A simple spectro-
graph sketch is given on Figure A.I.9.

Only particles that leave the targét with the correct angle "o"
can enter the opening to the magnet. This requirement gives the
directional information.

The energy information may be determined by.finding the posi-
tion that the particle hits the counter. High energy particles strike

one end and low energy reaction products strike the other end.
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One type of counter is diagrammed in Figure A.I.10. When a
fast charged particle passes through a gas, it leaves©a tx%'ck of
ionized gas atoms along its path. The resulting charge is collected
on the wire that runs the length of the gas region. More charge
travels to the closer end of the wire than to the far end of the wire.
Therefore, the position is given by the ratio:

end 1
endl+end2°

The total signal will tell what kind of particle has been
observed. You must keep in mind that all kinds of junk is being made
in the target, but in this experiment we want to count a-particles
only. The total signal (signal 1 + signal 2) is bigger for ao-particles
than protons, deuterons, tritons, and 3He—par‘ticles. So by counting
only the large total signals and rejecting the rest, it is possible to

pick out the o-particles.

Doing the Experiment

The cyclotron is turned on and adjusted so that the beam goes
down the beam pipe and strikes the target. This simple sounding
operation may take half an hour or half a day depending on your luck.

The reaction products are allowed to strike the counter at the
end of the spectrograph. At-this point the work of finding out what is
happening begins. The signals from the counter are very small so
they must be amplified. After they are amplified they have to be

added and then divided. Performing these operations requires the
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experimenter to process the signals with a number of electronic black
boxes. One of these boxes adds the signals. The division is done
by a computer. At the same time the computer will make a television
display of the plot shown in Figure A.I.11. The bands in the display
represent the different particles coming from the target. The bottom
band may be protons and the top band might be a-particles. The com-
puter program which we are using allows us to choose whichever band
we want to study.

The desired result is a spectrum such as the one shown in
Figure V.1. Each peak in the spectrum represents a different state of
the nucleus that is left behind after the reaction has occurred. All
the information about nuclei must come from spectra like this.

To complete the experiment it is necessary to move the spectro-
graph to many different angles and to record the spectrum at each of
these angles. The relative sizes of the peaks at these different
angles is important information. It is likely that about two days (48
hours) of beam time will be necessary to get all the necessary spec-

tra for a given target.

Analysis of the Data

The data of an experiment similar to the one that was just
described are a set of speétra (plots of number of o-particles vs. the
energy of the o-particles). One of these spectra is shown in

Figure V.1.
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The analysis of this data begins by determining how much
potential energy was left in the nucleus after the reactié%l for each
peak that is observed. This list of energies can be compared with
results from other experiments (see Table IV.2). It may also be com-
pared with a list of energies predicted by thé shell model.

There is also a lot of information contained in the sizes of the
peaks. The relative sizes of the peaks changes as the detector angle
changes. Some peaks become larger as the angle is increased, while
others become smaller. This suggests that we should make graphs
which show how big each peak is at each angle that a spectrum was
taken. Such graphs are given in Figure V. 2.

Many years of experimentation has shown that these shapes are
characteristic of a property of the nucleus called spin. You can think
of spin classically if you wish by considering the collision of two
billiard balls. In general, both balls will be spinning after the colli-
sion. The spin is particularly evident if one of the balls is striped.
Each time a nuclear reaction takes place, the resulting nucleus is
caused to spin. The stateé of the final nucleus which we observe as
peaks in the spectrum have various amounts of spin. The reasons the
angular distributions (graphs of peak size vs. detector angle) are dif-
ferent is because the nucleus has different amounts of spin for each
peak. With some reaction data, the spin of a particular nuclear

excited state may be determined. When this is done, the list of
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energies and spins may be compared to the predictions of the shell
model. One of the principal reasons for the research pré’sented in
this thesis was to investigate the possibility of using the (p,a) reac-
tion (incident proton, outgoing a-particle) to determine the spin of
nuclear excited states.

There are two approaches we can take toward determining the
utility of the (p,a) reaction for determining spins. First we may make
a table of shapes for states whose spins have been determined previ-
ously. The table of known shapes can then be compared to data for
new states and used to determine the spins of the new states. This
method works only because it turns out that only certain amounts of
spin may be realized, just as we saw that there were only certain
energy shelves in the well.

The second method is theoretical. If the shell model works , it
predicts both an energy and a spin value for all nuclear states. If a
theory is developed to predict the angular distributions, given the
shell model information, the resulting theoretical angular distributions
can be cqmpared to the data plotted on the peak size vs. angle
graphs. Such a theory for the (p,a) reaction is developed in Chap-

ter II and some comparisons can be found in Chapters IV and V.

Summary

The work which you find in this thesis may be summarized as

follows. We have set out to use the (p,a) reaction to discover
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nuclear energy levels and spins. We have done this by comparing the
data with the results of other experiments and by..déveléping a theory
to predict the data that we have observed. In general, modest suc-

cess has been realized.



APPENDIX II

AN INTRODUCTION TO SCATTERING THEORY

Part One;: The First Year Quantum Mechanics Problem

Imagine a structureless projectile incident on a structureless
target. A classical analog of this situation would be a cue ball inci-
dent on a billiard ball.

The Schrdédinger equation which describes the Quantum Mechani-
cal problem is

2, 2p
vV +1=,7- [E-V(D)]y = 0. A.I1I.1
We will require the scattering potential to be short range, i.e.,

Lim rv({) - 0. A, II.2

)
(Notice that the Coulomb force does not satisfy this condition., A
screened Coulomb force does, however.) If this is the case, a detec-
tor which for all practical purposes is locéted at r- o will observe
the asymptotic form of ¢, Asymptotically, the solution must look like
a plane wave, which is the incident or non-scattered beam, and a
spherical scattered wave. In other words, the asymptotic form of
should be

. ikr
o) o 1kz +f(9)—-——e]r i A.II.3

234
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k is the wavenumber

2 ﬁ.‘z 2 7:"
(i.e., p =%k or E = % ="2—]:—>

and f(6) is the scattering amplitude. £(6), in other words, is the
amplitude for scattering at a particular angle. [£(0) | 2 is, therefore,
the probability for scattering at the angle 0. All the information
about the interaction must be contained in f(6). However, f(0) is not
the quantity which is derived experimentally. The experimentalist
measures the differential cross section which is defined to be

do a2 = number of particles scattered into dQ at 0
de number of particles incident per cm?

. A II.4

The relation between (%) and f(8) can be found in the following
way:
The incident probability current is

S, = Dy ikz d ikz _ fk A.II.5
i B dz V)

The outgoing current is

-ikr ikr

s = Dy —(f(e)———>——k HON A.IL.6
o M r

If N is the number of particles per crn in the incident beam,
then NS1 is the incident particle current (cm /sec) . The number of
particles striking the detector each second is rde NSO. So substitute

these expressions into A,II.4 to find
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gg_> 4o = Nr2dQ (hk/w) (1 £(8) | 2/r?) }
N (hk/p) T

or

do
do

= |£(8) |2, A.I1.7
In general there are two approaches to the problem. Either the experi-
mentalist measures [£(6)| 2 at many angles and the theorist attempts to
determine V(r) from this, or the theorist guesses at V(r) thereby deter-
mining | £(0)| 2 and the experimentalist measures it. In any event, it is

necessary to find out how £(6) is related to V(v).

To do this, begin by rewriting Equation A,II. 1

V% +xdy = 2 vy A.II.8
We are looking for a solution which has the asymptotic form
given by Equation A,II.3. So it is reasonable to look for a solution

that is good for all values of r which has the form

b= e hyy A.II.9
where xps is the scattered wave.
The plane wave satisfies
(v2+ kPR L - o, A.T1.10

So if A.II.9 is used in A.II.8, the result is
(V2+'k2)q»s - %%V(r)up. A1 11

Equation A.II. 11 may be solved formally by using the Green's

function method. We seek the Green's function which satisfies



237

(2 +xP)G(Lr) = -47 61 . AII.12

Then the solution of A,II.11 will be given by

= 1 —2-& ' ' ' '
bs = a7 nZz ) CE DIV )dr. A.I1.13

Equation A,II.12 is the same relation that is found in the study of
electromagnetic radiation when solving the Helmholtz equation. The

Green's function for that problem is

1k(|r—£ )

G(r,r') = A.II.14

le-r'l
It is the asymptotic form which is desired. This form is found by using

the relation

il

[

r
Ir-r'| = Ir| - |

~ ~

[ When Izl > Ir'l. A.II.15

Hia)

The asymptotic Green's function is then

Ge,r) = e KL & A.II.16

where

kl
~ [r]

To get the asymptotic form of Equation A.II.9, we need to use

A.II1.16 in Equation A,I1I.13.

_ . ikr
(S) R S s ;%S‘ ik ~V(r-)q,(£')dg>§—r— . A.II.17

Comparing A,.I1.17 to A,II. 3, it is seen that

—_ - _.].‘-. 2& lk ~ ] [ t
f(6) = ar 12 ) € V(r)kp(r )dr' . A.II.18

Although Equation A.II, 18 looks like an answer, it is not because we

do not know Y(r')—it is the solution of Equation A,II.1 which is what
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we are trying to get. This is because Equation A,II.13 really only
changes the problem from a differential equation to an integral equa-
tion. We can get an approximate solution if we make the assumption
that the solution can be generated iteratively. We shall assume that
WPy = g

and proceed then by using ¢(+) (E') for ¢(£') where

i ' n, n lk rl
v gy = e'EE 41 .iz ye & ~VE") g dre 2 A.II.19
where
k L k']
~ T rl )
Using A,II. 19 in A,II.17 yields
(+) _ _ik-r_ g -iktert oy dker'
LIJ(x‘) =€ 47r ﬁz ~Vire dr
A.II.20

(47r #i) _SVS' _1k'.~V( Ve k3 I:'V(r")\IJ(r")dr"dr' .

Presumably we can generate this series forever by replacing
+
P(r") — Lp( )(r") » etc. Instead we assume that the series converges

rapidly and therefore keep only the first order term to yvield the results

. oy Jkr
My = okL. 41” %’;—*—(S‘ Ty ek Egp A.I.21

and
£(6) = -Zl;—ﬁ*;ge"k L v re Ky A.I1.22

This is called the Born approximation. The convergence of the Born
series is an open theoretical problem that remains unsolved. Nonethe-

less, it has been used with reasonable success for a long time now.
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Part Two: Nuclear Scattering—The Distorted
Wave Born Approximation o

The first year quantum mechanics problem ié not very useful for
real problems since, in general, the projectile and the target have
structure and, therefore, many different kinds of inelastic events may
occur. Additionally, the target nucleus acts as a sink for particles
that are incident on it in a way that is similar to the scattering of a
beam of light by a cloudy crystal ball. It has been shown that this
effect can be reproduced by using waves that are distorted by a short
range optical potential which has real and imaginary parts instead of
plane waves.

The simple problem shown in the first part of this appendix can
be used as a guide for generalization. The approach here will be to
proceed mostly by analogy to the first part.

Consider the reaction A(a,b)B. The Schrddinger equation which
describes this system is

Hy = Ey A,II.23
where H=Ha+ Va+Ta' Here « representé the aA system (the incident
channel). Ha is the total internal Hamiltonian. In other words,
Ha=Ha +HA where Ha and HA are the internal Hamiltonians for the
projectile and the target. _Ha, therefore, does not depend on the sepa-
ration of aA. Ta is the kinetic energy of the relative aA motion, and

Va is the interaction between the projectile and the target.
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Equivalently, we could write H=H +VB+ TB where B represents

B ]

the bB system or exit channel.
Internal wavefunctions Lpa and an may be defined by

HQLPCY = Eakpa/

A.II.24
H =

g% = Eg¥s.
Then

_thZ _ﬁzkl

E=E +—-—2 =f_+—B

a  2p, B 2pg

. A II.25

The asymptotic form of ¢ is what is desired. If three-body final

states are neglected, Equation A.II.3 can be generalized to
ik r.
ik -r Y
Ll»(*) —p et Y (g8 v A.I1.26
o o v ay r,Y Y

fa’y(e) is the scattering amplitude for ¥ exit channel.

The generalization entails:

1. Including the projectile and target internal wavefunctions in
the incident channel (upa).

2. Allowing more than one exit channel, each with its own
amplitude and internal wavefunction.

The functions Lp,y form a complete set of orthogonal states of the

(@ +A) particles so we may expand

o

a

(+)
gnp,ywywq ). A.II.27

The overlap on the right hand side of Equation A,II. 27 is an integral

over the internal coordinates only, hence we may write
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) L
. A.I1.28
(b 1o, ") = o, ) - |
The relative motion in the B channel is then givén by
+
<¢Bl¢a( )> = (PB(EB)' A.II.28a

An equation for the relative motion may be found by rewriting

Equation A,II.23 as
+ _

(+) _

(E - H,

so A, TII.29

We can now multiply Equation A.II.29 on the left by q»B and integrate
over the internal coordinates to get

u o_m )y _
(¢Bl(E Hg-Tg VB)M ) =0

(+)> A.II.30

- _ (+)
(E - EB TB <¢B|¢ = <¢BIVB ).

To perform the last step we have used [qJB,TB] =0 which is true
because q.»B is a function of internal coordinates while TB is a func-

tion of the relative motion only.

Now

g

E-E =8B-— 2

B
from Equation A,.II.24, so we finally get an equation for the relative

motion which is

so 2 ( ) A.II.31
2 .2 _ Q +
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This is exactly the same form as Equation A,II. 11 to which we applied

the Green's function method previously. We can»sélve -iP't agéin by the

same method and the resulting expression for faB(e) will be
___ __é “ikgerg (+)
faB(e) ype S‘S'dé d"BLPB (§B)e V(x"B §B)Lp A.Il.32

where the §B are the internal coordinates of b and B. The Plane
Wave Born Approximation demonstrated in Equation A.II.22 is to
replace

Y(r') - ei]s'r;'.

The appropriate generalization to make is to replace

" (+)

a

ik
2atla
- e
v € )
and integrate over the internal coordinates §a and ra so that final

expression for the scattering amplitude in the first order Plane Wave

Born Approximation (PWBA) is
-ikp-r
fz‘éVBA( ) = - —ﬂ —QS‘SVS. d§ dﬁﬁdrﬁdr tlJB (ﬁB)e ~B’~B

1 Ke L
VB(rB,éﬁ)an(&a)e . A,II.33

As a convenient notation, we define a transition matrix element by
—ik r
TPWBA Sdr dr ~B'~ B(LIJBIVBNJ )e . A,II,L34

The potential VB is the interaction between all the nucleons in
the projectile and all the nucleons in the target. In practice, we only

want to consider one or two interactions. For example, we are only
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interested in the p-n interaction in the (p,d) reaction. The rest of the
interactions cannot be neglected, however. We hope that these inter-
actions can be treated as an average overall potential, which may be
complex. To incorporate this potential, we subtract a potential U

B
from both sides of Equation A,II. 31 to get

(8B-TB—UB)¢>B(1»B) = (anl(vB—UB) Iq»(f”). A.I1.35

We will choosé UB in such a way that VB—UB contains only
interactions between the nucleons involved in the scattering and so
that UB does not cause any transitions; i.e., UB is diagonal in the
B system. This equation can also be solved by a Green's function
method which involves making a multipole expansion of the Green's
function. The procedure is complicated and amounts to proving the
Gell-Mann-Goldberg relation for scattering from two potentials.
Instead of carrying out this procedure, we will simply use the relation

to get the transition matrix element

_ (-) Ky Io -) _ (+)
TaB = <¢Bxﬁ !UBW e ) + <¢BxB l(v‘B UB)WQ ), A.II.36

(-)

where XB is the incoming solution of the homogeneous equation

§,-T,-U r,) =0
6g~Tg~Ugxglry)
By choice, UB does not cause any transitions or, in other words, is

diagonal in the 8 system. .So the first term reduces to toﬁaB and
(-) )
T ,=t6 _+ -U . J1.37
ap = gt l¥pXg 1VgTURI ) A

This form is called the post-interaction form. There is another form
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called the prior-interaction form which is related by time-reversal

symmetry and is o -
= (-) - &)
Tg = tOGQB + (¢B LV -U )T x ) A.II.37a

Once again, A,II, 37 is not a solution because it contains ¢C:+)
or xl»é-) . We still need to make some approximations. Using Equa-
(-)

as
B
=) _

(=)
bg ' = ;ay“’y )y, €) A.II.38

tion A,II.37a, expand ¢

or, in other words,

) _ (-) (=) ...
l1”d_,‘_150 - al(pd_*_lSOl‘Pd_!_lSO + azmd+150*¢d+150* + a3('pt+l40"l"t+l40+

Now we assume that alél and ai% 0; i=2...; hence,

Ll‘)c(it*_)ISO = Lp((i;_)ISO L[Jd'*'lso H ¢l(3—) = (pé—) (rB) LPB(gB) .

This amounts to neglecting multiple excitations such as inelastic scat-
tering (second term) and two-step processes such as (d,t)(t,d) (third

term).

(-)

The eigenfunctions of UB accurately reproduce tPB in the

(-)

asymptotic region. We now will assume that tPB can be approximated

by the eigenfunctions of the optical potential, X (-) even during the

interaction. Then

DWBA _

(-)
TaB = TobaB_.+ (x

(+)
¢B|(Va-Ua)l¢ax ). A.II1.39

a

This is called the distorted Wave Born Approximation. All the nuclear

structure information is contained in the internal matrix element
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(QABI (Va—Ua) I \pa) . The method of evaluating this matrix element
depends on the reaction being considered. In C‘haipt'ef;II of this book
the internal matrix elements for the (p,a) and (a,p) reactions are
evaluated.

The purpose of this appendix was to present a non-rigorous
guide to the DWBA. More detailed and complete derivations may be
found in:

A.II.1. The Theory of Direct Nuclear Reactions by W. Toborman

1

Oxford University Press (1961), London, England.



